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I. INTRODUCTION

In 1987, Popa [9] introduced irresolute
multifunction and investigated some relation between
continuous and irresolute multifunction in Topological
spaces. In 1996, Cao et al., [1] introduced and studied
weaker form of multifunction such as a-continuous and o-
irresolute multifunction in topological space. In 2000, Noiri
and Popa [6] introduced continuous multifunction in
Minimal structures. Several authors introduced and studied
various types of modifications of irresolute functions ([2],
[3], [4] & [7]). Nagaveni et al., [8] studied weakly
generalized closed sets in Minimal structures.

In this paper, we introduced and studied some basic
properties of generalisation of irresolute multifunction such
as upper and lower m,,4-irresolute multifunction. In section
I1, we list some definitions, theorems and basic concepts of
multifunctions. In section 111, we defined as upper and lower
my,g-irresolute multifunction and we studied some of its

characterizations with m,,,-Haussdroff space, m,,,- normal
space, m,,,-compact space, m,g-connected space, m
closed graph in Minimal Structures.

wg~

Il. PRELIMINARIES

In this section, we list some definitions which are
used in this sequel. We recall that, A multifunction F: X - Y
is a point to set correspondence and we always assume that
F(x) # @ for every point x € X. For a multifunction F, the
upper and lower set VV of Y will be denoted by F*(V) and
F~(V) respectively, that is, F*(V) = {x € X: F(x) € V} and
F7(V) ={x € X: F(x) NV # ®}. In particular, F~(y) = {Xx
€ X:y € F(x)} foreach pointy €Y.

The graph multifunction Gp: (X,7) > (X XY, T X
o) of F is defined by Gr(x) = {{x} x F(x)} for each x € X.
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Graph of F (ie.) G(F) = {(x,y) / X € X,y € F(x)}. We say
that F has a closed graph if G(F) is closed in (X x Y, T X «).

Throughout the paper (X,my ) and (Y,m,) are
denoted by minimal structure (briefly. m-space). The interior
and closure of a subset A of (X, my ) are denoted by my -
Int(A) and my -CI(A) respectively.

Definition: 2.1 [6] Let X be a non empty set and P(X) the
power set of X. A subfamily my of P(X) is called a minimal
structure (briefly m-structure) on X if ® € my and X € my.

By (X, my), we denote a nonempty set X with an
m-structure my on X and call it an m-space. Each member
of my is said to be my -open and the complement of an my -
open set is said to be my -closed.

Definition: 2.2 [6] An m-structure my on a nonempty set X
is said to have property B if the the union of any family of
subsets belong to my belongs to my.

Definition: 2.3 [6] Let X be a nonempty set and my an m-
structure on X. For subset A of X, the my-closure of A and
the my -interior of A are defined in as follows:

i. my -CI(A) = N{F : AC F, X - F € my},

ii. my -Int(A) =U{U : U c A, U € my}.

Lemma: 2.4 [6] Let (X, my ) be a space with minimal
structure, let A be a subset of X and x € X. Then x € my -
CI(A) if and only if U N A # @, for every U € my
containing the point x.

Definition: 2.5 [8] A subset A of a m-space (X, my) is said
to be minimal weakly generalized closed (briefly. mwg-
closed) sets if my - Cl (my - Int(A)) € U whenever A c U
and U is open in my.
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The complement of mwg-closed set is said to be mwg-open
set. The family of all mwg-open (resp. mwg-closed) sets is
denoted by my -WGO(X) (resp. my -WGC(X)). We define,
my -WGO(X, x) = {V € my -WGO(X) / x € V}forx €
my .

Lemma: 2.6 [5] For a multifunction F: (X, my) — (Y, my)
following hold:
i. GF(AxB)=ANnF*(B),
ii. Gr(AXB) =AnF~(B), for any subsets A c X
andBcY.

Definition: 2.7 [10] A m,,,- frontier of a subset A of X is
Mmyg- Tr(A) = my,4- CI(A) N my,,- CI(X\A).

Definition: 2.8 [10] A m-space (X, my) is said to be

i m,,g-Frechet space (i.e.m,,,-T, space) if for every
pair of distinct points X, y in X there exists a wg-
open set U c X containing x but not y and a wg-
open set V c X containing y but not x.

ii. m,,4-Haussdroff space (i.e. m,,,-T, space) if for
every pair of distinct points x, y in X there exists
disjoint mwg-open sets U € X and V € X
containing x and y respectively.

iii. mwg-normal if for each pair of non empty disjoint
m-closed sets can be separated by disjoint mwg-
open sets.

iv. m,,g-compact if every wg-open cover of X admits a
finite subcover.

V. m,,- connected if it cannot be written as the union
of two nonempty disjoint mwg-open sets.

Definition: 2.9 [10] A function f: (X, my ) — (Y, my ) is
said to be minimal weakly generalized closed graph (briefly.
m,,4- closed graph) if for each (x, y) € (X x Y) - G(f), there
exist U € m,,,-WGO(X, x) and V € m,,- WGO(Y, y)
such that (U x V) N G(f) = .

Lemma: 2.10 [10] A function f: (X, my ) — (Y, my ) is said
to be m,,4-closed graph if for each (x, y) € (X x Y) - G(f),
there exist U € my -WGO(X, X) and V € my -WGO(Y, y)
such that f(U) N V = .

Definition: 2.11 [11] A multifunction F: (X, my) —
(Y, my) is called
i upper m,,q-continuous (briefly, u.m,4-c.) at a
point x € X if for each m-open subset V of Y with
F(x) € V, there is an mwg-open set U containing
x such that F(U) c V.
ii. lower m,,4-continuous (briefly, I. m,,,-c) at a point
x € X if for each m-open subset V of Y with F(x)
NV # @, there is an mwg-open set U containing X
such that F(y) NV # @, for every point y € U.
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I11. UPPER AND LOWER m,,,-IRRESOLUTE
MULTIFUNCTIONS

In this Section, we introduced and studied upper / lower
m,,4-irresolute multifunction and also we characterize these
multifunctions with graph functions and some new spaces.

Definition: 3.1 A multifunction F: (X, my) = (Y, my) is
called

i upper m,,,q-irresolute (briefly, u. m,,4-i) at a point x
€ X if for each mwg-open subset V of m, with
F(x) < V, there is an mwg-open set U containing
x such that F(U) c V.
ii. lower m,, - irresolute (briefly, 1. m,,,-i) at a point
x € X if for each mwg-open subset V of m, with
F(x) N V # @, there is an mwg-open set U
containing x such that F(y) N V # @, for every
pointy € U.
iii. Upper m,,4-irresolute (Lower m,, -irresolute) if

has this property at every point xe X.

Remark: 3.2 From the following examples, it is clear that
upper m,g-irresolute and lower m,, -irresolute are
independent of each other.

Example: 3.3 Let X = {-1,0, 1, 2} and Y = {a, b, c} be
endowed with the minimal structures my = {X, @, {-1, 0},
{0, 1, 2}} and my = {Y, @, {b, c}}. If multifunction

F: (X, my) = (Y, my) is defined by
{a}, ifx=-1

F(x) :{ {“{Ch}} i;’;::ol . Then F is upper m,,,-irresolute, but
{abc}, ifx=2

it is not lower m,,,-irresolute. Since {c} is mwg-open in
my, but F~({c}) = {1, 2} is not mwg-open in my.

Example: 3.4 Let X, Y, my and m, be as in previous
Example. If multifunction F: (X, my) — (Y, my) is defined

{c}, if x=-1
by F(x) = [ {{Z}} ?}:’;2 . Then F is lower m,,-irresolute,

{ab,c}, ifx=2
but it is not upper m,, ,-irresolute. Since {c} is mwg-open in
my, but F*({c}) = {—1} is not mwg-open in my.

Remark: 3.5 From the following examples, it is clear that
upper m,,q-irresolute and lower m,, -irresolute is upper
my,g-continuous and lower m,,,-continuous respectively.
But the converse need not be true.

Example: 3.6 Let X = {a, b, c} and Y = {p, q, r} be
endowed with the minimal structures my = {X, @, {a, b}}
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and my = {Y, ®, {p}, {q, r}}. If multifunction

{p} ifx=a
F: (X, my) - (Y, my) is defined by F(x) ={{q}, if x = b.
{r}, ifx=c

Then F is upper m,,,-continuous, but it is not upper m,,,-
irresolute. Since {r} is mwg-open in my, but F*({r}) = {c}
is not mwg-open in my.

Example: 3.7 Let X = {a, b, ¢, d} and Y = {P, q, 1, S}
endowed with the minimal structures my = {X, @, {a}, {a,
b}, {a, b, c}} and m, = {Y, @, {p, q, r}}. If multifunction

F: (X, my) - (Y, my) is defined by
{p.a}, if x=a

F(x) = {{‘i';'S}' ;{ ;:f. Then F is lower m,,,-continuous,
{s}, if x=d

but it is not lower m,,,-irresolute. Since {r, s} is mwg-open
in my, but F~({r, s}) = {b, ¢, d} is not mwg-open in my.

Definition: 3.8 Let X be a nonempty set and my an m-
structure on X. For subset A of X, the my-closure of A and
the my -interior of A are defined in as follows:

1) mu,—Cl(A) = N{F : Ac F, X - F emy —

WGC(X)},
2) myg—Int(A) = u{U : U c A U emy-—
WGO(X)}.
Theorem: 3.9 The following are equivalent for a

multifunction F: (X, my) — (Y, my).

1) Fislower m,, -irresolute.

2) For each x € X and for each mwg-open set V with
F(x) NV = @, there exist a U € my — WGO(X)
suchthatify e U,then F(y) NV # @,

3) F7 (V) emy —WGO(X) for any mwg-open set V
C my,

4) F*(V) € my — WGC(X) for any mwg-closed set K
C my,

5) m,g — CI(F*(B)) c F*(m,4 — CI(B)) for every
subset B of Y,

6) F~(my4 — Int(B)) € m,, — Int(F~(B)) for
every subset B of Y,

7) my — Cl(m,,4 — Int(F*(B))) c F*(m,,4 — Cl(B))
for every subset B of Y,

8) F(my — Cl(m,4 — Int(4))) < m,, — Cl(F(A))
for every subset A of X,

9) F(my4 —Cl(A) < m,, —Cl(F(A)) for every
subset A of X.

Proof:1) © 2). This is obvious.

1) = 3). Let x € X and G be a mwg-open set of m, such
that x € F~(G). By 1, there existsa U, € my — WGO (X, x)
such that U,c F~(G). Therefore, we have F~(G) =
Uxer-(c) Ux and hence F~(G) € my — WGO (X, x).
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3) = 1). Let V€ my —WGO(Y) and x € F~(V). By 3,
F~(V) € my — WGO(X,x). Take U = F~ (V). We obtain U
c F~(1).

3) © 4). Let K be any mwg-closed set inm,. Then, Y\K is
an mwg-open set of Y. By 3, F~(Y\K) emy, — WGO(X, x).
Since F~(Y\K) = X\F*(K), we obtain that F*(K) is mwg-
closed in X.

4) = 5). For any subset B of Y, m,,, — CI(B) is mwg-closed
in Y and then F*(m,,, — Cl(B)) is mwg-closed in X. Hence
my,, — CL(F*(B)) € F*(m,,, — CI(B)).

5) = 4). Let K be any mwg-closed set in Y. Then m,,;, —
CI(F*(K)) c F*(m,,, — CI(K)) = F*(K) and hence F*(K)
is a mwg-closed set in X.

3) = 6). For any subset B of Y, m,,;, — Int(B) is mwg-open
in'Y and then F~(m,,, — Int(B)) is mwg-open in X. Hence
F~(m,g4 — Int(B)) € m,,, — Int(F~(B)).

6) = 3). Let V be any mwg-open set of Y. Then F~(V) =
F~(myg —Int(V)) < my,,—Int(F~(V)) and hence
F~(V) emy —WGO(X, x).

4) = 7). Let B be any subset of Y. Since m,,, — CI(B) is
mwg-closed, F*(m,,, — CI(B)) is mwg-closed in X and
F*(B) c F*(m,, — CI(B)). Therefore, we obtain m,,, —
CI(F*(B)) c F*(m,, — CI(B)) and hence my — Cl(my —
Int(F*(B)) € my — Cl(my — Int(F*(m,,, — CI(B)))) <
F*(my,q — CI(B)).

7) = 8). Let A be any subset of X. By 7, we have my —
Cl(my — Int(A) € my — Cl(my — Int(F*(F(4)))) c
F*(m,g4 — CI(F(A))). Therefore, we obtain F(my—
Cl(my — Int(A))) c my,, — (F(A).

8) = 9). Let A be any subset of X. By the previous
proposition and by 8, F(m,4 —Cl(A)) =F(A U my —
Cl(my — Int(4))) © myy — CI(F(A)).

9) = 5). Let B be any subset of Y. Then, we have F(m,,, —
CI(F*(B))) € my, — CI(F(F*(B))) and hence m,, , —
CI(F*(B)) € F*(m,,4 — CI(F(F*(B))) © F*(my4 —
Cl(B)).

Theorem: 3.10 The following are equivalent for a
multifunction F: (X, my) — (Y, my).
1) F isupper m,, -irresolute.
2) For each x € X and for each mwg-open set V such
that F(x) c V, there exist a U € my — WGO(X)
such that if y € U, then F(y) c V,
3) F*(V) emy — WGO(X) for any mwg-open set V
C my,
4) F~(V) emy —WGC(X) for any mwg-closed set K
C My,
5) mygy — CI(F~(B)) c F~(m,4 — CI(B)) for every
subset B of Y,
6) F*(my4 — Int(B)) € my,, — Int(F*(B)) for
every subset B of Y,
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7) my — Cl(m,,4 — Int(F~(B))) < F~(m,, — CI(B))
for every subset B of Y,
Proof: It can be obtained as the previous theorem.

Theorem: 3.11 If F: (X, my) — (Y, my) is an upper m,, -
irresolute injection and Y is mwg-T4, then X is mwg-T.
Proof: Assume that Y is mwg-T;. For any distinct points x
and y in X, there exists mwg-open set A and W such that
F(x) € A F(y) ¢ A, F(x) ¢ W and F(y) € W. Since F is
upper m,,g-irresolute, there exists mwg-open sets U and V
such that x € U,y € V, F(U) € A and F(V) € W. Thus we
obtainy & U, x & V. This shows that X is mwg-T;.

Theorem: 3.12 If F: (X, my) — (Y, my) is an upper m,, -
irresolute injection and Y is m,,,-Haussdroff space, then X
is m,,4-Haussdroff space.

Proof: For any distinct points x and y in X, there exists
mwg-open set U and V such that F(x) € U and F(y) € V.
Since F is upper m,,-irresolute, there exists mwg-open sets
Pand Qsuchthat x e P,y € Q, F(P) € U and F(Q) € V.
Since P and Q are disjoint, we have U N V = @, hence P N
Q = @. This shows that X is m,, ,-Haussdroff space.

Theorem: 3.13 If F: (X, my) > (Y, my) is upper m,,q-
irresolute, injective multifunction and from a minimal space
X to a my,4- normal space Y, then X is a m,,,-Haussdroff
space.

Proof: Let x and y be any two distinct points in X. Then we
have F(x) N F(y) = @ since F is injective. Since Y is m,,,4-
normal space, it follows that there exist disjoint m-open sets
U and V containing F(X) and F(y), respectively. Thus, there
exist disjoint mwg-open sets F*(U) and F*(V) containing x
and vy, respectively such G cF*(U) and W < F*(V).
Therefore, we obtain G N W = ®. Hence X is my, -
Haussdroff space.

Theorem: 314 Let F:(X,my) - (Y, m,) be a
multifunction. An upper m,, -irresolute image of a m,, -
connected space is m,,,-connected for a multifunction.
Proof: Let F:(X, my) > (Y, my) be an upper m,, -
irresolute from a m,,,-connected space X onto a m,, -
connected space Y. Suppose Y is not m,,,-connected and let
Y = U U V be a partition of Y. Then both U and V are
mwg-open and mwg-closed subset of Y. Since F is an upper
m,,g-irresolute, F*(U) and F*(V) are mwg-open subset of
X. In view of the fact that F*(U) and F*(V) are disjoint, X
= F*(U) U F*(V) is a partition of X. This is contrary to the
connectedness of X.

Theorem: 3.15 Let F:(X,my) - (Y, my,) be a

multifunction. If the graph function Gz: X = X X Y is upper
m,,q-irresolute, then F is upper m,,4-irresolute.
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Proof: Suppose that G is upper m,,q-irresolute. Let x € X
and W be any mwg-open set of m,y such that F(x) c V.
Then Gp(x) c (X x V) and X x V is mwg-open set in X X Y.
Since G is upper m,, -irresolute, there is an mwg-open set
U with x € U such that Gz (U) c X X V. By Lemma 2.6, U c
GEXxV)=XNF"V)=F*(V)and F(U) c V.So F is
upper m,,4-irresolute at x € X. The proof of the lower m,,,,-
irresolute F can be done using a similar argument.

Theorem: 3.16 Let F:(X,my) - (Y, m,) be a
multifunction. If the graph function Gz: X - X X Y is lower
m,,g-irresolute, then F is lower m,, 4 -irresolute.

Proof: Suppose that G is lower m,,4-irresolute. Let x € X
and V be any mwg-open set of Y such that x € F~(V). Then
X x V is mwg-open in XX Y and Gz(x) N (XxV) = ({x}
X(F(x) N V)) # ®. Since G is lower m,,g-irresolute, there
exists a mwg-open set U containing x such that U c
GF (X xV). By Lemma 2.6, we have U c F~(V). This
shows that F is lower m,,q-irresolute.

Theorem: 3.17 If F: (X, my) > (Y, my) is upper m,,g-
irresolute multifunction, and Y is m,,-Haussdroff space,
then the graph of function G (F) is m,,4-closed graph.

Proof: Suppose that (x, y) & G(F), then F(x) #y. Since Y is
m,,4-Haussdroff space, there exists mwg-open sets U and V
such that F(x) € U,y € Vand U N V = @. Since F is upper
m,,g-irresolute, so by Definition, there exists a mwg-open
set W in X containing x such that F(W) < U. Hence, we
have F(W) N V = ®. This means that G(F) is m,,,-closed
graph.

Theorem: 3.18 If F:(X, my) — (Y, my) is upper m,, -
irresolute multifunction such that F(x) is m,,,-compact for
each x € X and Y is m,,,-Haussdroff space, then the graph
of function G (F) is m,,4-closed in X X Y.

Proof: Let (x,y) ¢ G(F). Thatisy & F(x). Since Y is m,, 4-
Haussdroff space, for each z € F(x), there exist disjoint
mwg-open sets V(z) and U(z) of Y such that z € U(z) and y
€ V(2). Then {U(2): z € F(X)} is mwg-open cover of F(x)
and since F(x) is m,,4-compact, there exists a finite number
of points , say, z;, Zp, ...z, in F(X) such that F(x)
cU{U(z):i=1,2,3,...n}. Put U = U{U(z):i=
1,2,3,....n}and V =N{V(z):i = 1,2,3,....n}. Then Then
U and V are mwg-open in Y such that F(x) c U,y € V and
U NV = ®. Since F is upper m,, 4-irresolute, there exists a
mwg-open set A containing X, such that F(A) c U. Since V
is mwg-open, it follows that A X V € my -WGO (X x Y) and
(X, y) EAXxVc (XxY)— G(F). we obtain that (X X Y) —
G(F) = Uxxy)—cm 4 XV is mwg-open set in X XY and
hence G (F) is m,,,-closed in X X Y.

Theorem: 3.19 Let F:(X, my) — (Y, my) be an upper
m,,g-irresolute surjective multifunction such that F(x) is a
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m,,4-compact for each x € X. If X is a m,,,-Compact space,
then Y is a m,,,-compact.

Proof: Let {V;:i € I} be a mwg-open cover of Y. Since F(x)
is m,,,-compact for each x € X, there exists a finite subset
I(x) of I such that F(x) c U{Vi:i € I(x)}. Put V(x)c
U{Vi:i € I(x)}. Since F is upper m,, -irresolute, there exist
a mwg-open set U(x) of X containing x such that F(U(x)) c
V(x). Then the family {U(x): x € X} is a mwg-open cover of
X and since X is m,,,-compact, there exists finite number of
points, say, Xi, X, ...X, in X such that X = U{U(x;):j =
1,2,..,n} Thus Y = F(X) =
F(UZ1 U(x)) = UL FU(xp)) © an=1V(Xj) =

Uity Uiery) Vi- This shows that Y is m,,;-Compact space.

Theorem: 3.20 Let X be a nonempty set with a minimal
structure my. The set of all points x € X at which a
multifunction F: (X, m x) - (Y, my) is not upper m,, -
irresolute is an identical with the union of m,,-frontiers of
the upper inverse images of mwg-open sets containing F (x).
Proof: Suppose that F is not upper m,,4-irresolute at x € X.
Then there exists a mwg-open sets V of m, containing F (x)
such that U N (X - F*(V)) # @ for every U € my containing
x. Therefore, x € m,,,-CI(X - F*(V)). On other hand, we
have x € F*(V) cm,,,-CI(F*(V)) and hence x € m,,,-Fr
(F*(V)).

Conversely, suppose that that F is upper m,,4-irresolute at x
€ X. Let V be a mwg-open set of my containing F(x). Then
there exist U € my containing x such that U ¢ F*(V). Hence
x € U c m,,, —Int(F*(V)). Therefore, x & m,,4-Fr (F*(V))
for each mwg-open set V of Y containing F(x). this
contradicts that x € m,,o-Fr (F*(V)). Thus F is not upper
m,,g-irresolute.

IV. CONCLUSION

In this paper, we unified a new class of irresolute
multifunction such as upper / lower m,.-irresolute
multifunction in Minimal structure. We studied some of its
basic characterizations with graph function, separation
axioms, compact and connected space and etc. In future, we
extend this concept in Bi-minimal space and ldeal minimal
space.
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