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1. Introduction

A mathematical theory called Soft Set was initiated by
Molodtsov [1] to handle issues involving uncertainties and
was later found applicable in many areas of mathematics and
other sciences. It addressed the existing difficulties of
previous theories of fuzzy sets [2], rough sets [3],
intuitionistic fuzzy [4], and many others in dealing with
uncertainties. Multiset which is seen to be of two folds and
unified [5] is among the theories that played an important role
in the development of Soft Sets as many researchers have
combined the concept of soft set theory with other theories of
set, multiset, and group to generate hybrid structures like
fuzzy soft sets [6], soft group [7] and soft multigroup [8]
among others.

Aktas and Cagman [7] first introduced the notion of a soft
group and studied soft subgroups, normal soft subgroups, and
soft homomorphisms. Jebalily et. al. [12], investigated some
properties of algebraic substructures of soft fields and soft
submodules and discussed the correlation coefficient between
them. Feng et.al [13] pioneered the work on soft semirings,
soft sub semirings, soft ideals, idealistic soft semirings, and
soft semiring homomorphisms.

Nazmul and Samanta [8] initiated the study on soft
multigroups (mgroups, for short), in which identity soft
mgroups, absolute soft mgroups, soft abelian mgroups, and
soft factor mgroups were defined and some of their important
properties studied.

© 2024, 1JSRMSS All Rights Reserved

This paper is a further attempt to broaden the theoretical
aspects of soft mgroups. To further develop, the work of [8],
we have developed more propositions on soft mgroups,
expanded on the properties, characterizations, and
exemplifications of some of the algebraic properties, and
obtained some important results.

The rest of this paper is organized as follows. In section I,
we review the basic definitions of soft sets, Multisets, soft
multisets, Soft groups, and Multigroups. In section IlI, we
present novel formulations and propositions on soft mgroups
and related structures. Also, more algebraic properties of soft
mgroups are investigated. In IV, we give the conclusion.

2. Preliminaries

In this section, we present basic definitions of some basic
concepts like of soft set, soft msets and mgroups.

Definition 2.1 Soft set [1]

Let U be an initial universe set, E a set of parameters, A € E
and P(U) be the power set of U. A pair (F, A) is called a soft
set over U iff F: A—P(U). Hence, we can write (F, A) as:

(F, A)={F(e) € P(U):e €A, F(e) =@ ife ¢A)}. Fore € A,
F(e) may be considered as the set of e - approximate elements
of the soft set (F, A). A soft set over U can be written as (F,
A), FA or (FA, E) over U, where A c E.

Definition 2.2 Multiset [9]
A mset A drawn from the set X is represented by a count

function C, () and is defined as Cy: X— M, where M
represents the set of natural numbers including zero.
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Let M € TR(X). The support set of M denoted by M is a
subset of X given by

M* ={x e X: Cpy(x) >0}. M* is also called root set.

Let’s denote the set of all multisets over X by T (X).

Definition 2.3 Soft Multiset (Soft Mset) [10]
Let X be a universal mset, E a set of parameters and A= E.

Let the set of all submsets of X be denoted by P*(X) and
called the power set of X.

Then a pair (F, A) is called a soft mset over X where F:
A—P*(X). For all & € A, the mset F(ex) is represented by a
count function Cr( gy X — IN.

Denote the set of all finite soft msets over X by STR(X).

Definition 2.4 Soft Group [7]
Let G be a group and A be a non-empty set. Let (F, A) be a
soft set over G. Then (F, A) is called a soft group over G if

and only if F (&) is a subgroup of G ¥ & € A, that is, For the
soft set (F, A) over G, it is said that (F, A) is a soft group over
G if and only if F{(a) < G for all @ €EA. From the

definition, it is easy to see that the soft group (F,A) is a
parameterized family of subgroups of the group G.

Definition 2.5 Mgroup [11]
Let X be a group. A multiset M over X is said to be a mgroup

over X if f the Count function C,, satisfies the following
two conditions.

(i) Cylxy) = Cy(x) A Cy(¥)Vx,veX;

(i) Cy(x™) = Cp(x)V xeX;
Here we denote the set of all finite mgroups over X by
MG(X)

3. Soft Mgroup

Definition 3.1 Soft Mgroup [8]
Let M € MG(X) beauniversal mgroupand 4 S E bea

set of parameters. A soft mset (F, A) where F: A »P* (M )is
said to be a soft mgroup over M if F(a) is a submgroup of M,

YaeAi.e
If () Cr _ (x¥) = Cr () A Crig () and

(i) Crioy(x™1) = Cp _ (x)Va €A, Vx,y EX
We denote the set of all soft mgroups over X by SM G (.X).

Remark: 3.2 Consequently,
— -1y
Cr.. (x) = Cr.. (x™) since

Cr,, () = Cr . (=™ =¢

ral

(™).

[exy

Remark: 3.2.1

Following from (i),

Ce,, ()= Cr_ (e¥) 2 Cg () ACrey (¥)
Example 3.3
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Let the set X be a group of modulo 5 such that X =
Z. =1{0,1,2,3,4} with respect to addition. Let M be a
mgroup drawn from X, such that M = [0,1,2,3,4] 3, 5 5 - and
A={a,, a,, az}. LetF: A— P* (M) be defined by

F(az) =[0,12,3,4] ;,:,:,:,:.

Clearly, F(e;), i = 1, 2, 3are submgroups of M.
Hence (F, A) is a soft mgroup over M.

Proposition 3.4: Let M € MG (.X)be a universal mgroup
and(F,A4) € SMG(X). Then
n
Ce_ (x") = Cp _(x) Vx €Xandn € N.
Proof:
For W ad € A and ¥Vr,y € X we
ny — n—1
CFum(x )_F‘Fum[x .:X’].
= Cray (X" A Crie (%)
= CFI::r:I [:I) M A CFI:R‘:' (.’1’)

= Cr() (%)
n
Therefore Cp (x™) = Ce,,, (%)

have

Proposition 3.5: Let M € M&G(X') be a universal mgroup

and e € X be the identity. Then for any (F, A)
-1y —

€ SMG(X) such that Cr_ (xy ™) = Cr_ (e), we

have Cz (%) =Cr (V) ¥ x,y EX.

Proof:

Let (F, A) E SMG(X)and

Cr(a) (xy™1) = Criy (e) Vx,y EX, @ EA,
then we have

CF,H, (x)= CF.D., (xy~ly)= CFIm ((x }’_1]}’]

= Cr, (x YDA Crgy ()= Cr () A Cr ()

= Cp,(¥)ieCp (x) 2Co (¥) ... (1)
Also CF.m (v)= CF.m [}F_lj = CFlm [:x_lx}r_lj
=Cr,,, (T (xy™)

= CFIm(x_l ) ACe (xy~1

=Cp_ (x) ANCp_ (o)
=Cp (x)

Fllxl

ie.Cp (3 ZCr (X) oi, @)
(1) And(2)=

Ce (0=Ce_(x)Vx,y EX anda € 4.

Definition 3.6
Intersection of soft mgroups:

Let (F,A), (F;,B) be two soft mgroups over X, then their
intersection, denoted by
(F,,A) N (F,,B)=(H, AnB) where

33



Int. J. Sci. Res. in Mathematical and Statistical Sciences

H(a) = min{F, (a),F, (a)} Ya € AN B.

Theorem 3.7 The intersection of two soft mgroups is also a
soft mgroup (Nazmul and Samanta (2015))
Alternative proof:

Let (F,, A), (F,, B) € SMG(X).

Now let (Fy, 4) N (F,, B)=(H,A N B)

Such that H(e) = F, (a) N F, ()

Forany @ EANE

Clearly F, (er) and F () are msubgroups of M.
(by definition)

and F, (er) N F, () is a msubgroup of M

thus H(e) is a msubgroup of M, ¥ & € AN B.
in particular, (H, AN E) is a soft mgroup.

Thus (F,, A) N (F,, B) is a soft mgroup.

Definition 3.8
Union of soft mgroups

Let (F;, A) and (F;, B) be two soft mgroups over X,
then their union is denoted by

(F,, A) U (F,, B) where:

(F,, A) U (F,,B) =(H, A U B) defined by:

H(er) = max{F, (a), F>;(a)}) vV a € AuB

Remark 3.9 The union of two or more soft mgroups may not
be a soft mgroup.

Definition 3.10

Root set of a soft mgroup

Let (F, A) €E SMG(X). The root set of (F, A) denoted by (F,
A)* is defined by

(F, A)* = (F*, A) where F*: A — P(X")given by F*(a)
= (F(a))".

Proposition 3.11 The root set of a soft mgroup is a soft
group.

Proof:

Let (F,A)" be the root set of (F, A) € SMG (X)

= F'(a)e (F,A)'VaeAd

But F(a) is a mgroup

Letx,vEF(a)'Va €A

= Cr(a) (x¥) Z Cro) (1) A Crio) (¥) and Cr) (x ™)
= Cr(a) (x)

Now Cpiq) (x¥ ™) = Crra) (%) ACriy(¥™)  and
Cria) (}’_1] = Cr(m) (v)

But Crioy (x) =1V x € (F(a))' Va € A

= xy 1 € (F(a))' Va €A

= (F(a))" isasubgroup ¥ ¢ € A.

Therefore (F,A)" is a soft group.

Definition 3.12
Let (F, A) (G,B) € SMG(X) then
(i) ((F,A) U (G,B))*=(H,AUB) = (H*, AUB)
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with H*(a) = (H(@))" = (F(a))" U ((6(a))"
YaEAUB
(i) ((F,A)N (G, B))'= (K, AnB)*= (K*, ANB)
with K*(a) = (K(@))" = (F(@))" N ((6(a))’
Ya €EANB
Proposition 3.13 Let (F, A) (G,B) € SMG(X). Then
(i) (F,A)U(G,B))*= (F,4)" UG, B)
(i) (F,A)N(G,B))'= (F, 4)"n (G, B)
Proof:
Let (F, A), (G,B) € SMG(X) and
(H(@)) € (F. A) U (G, B))"*
= foreachx € (H(x))" a EAUB
We have x € (F(a))", VvV a€Aorx € (G(a))*,
Ya€EDB
= (F(a)) € (F.A) or (G(a)) € (G,B)*
(F(a))" U (G(a))" € (F,4)" U (G, B)’
(H@)) e (F,A)" v(GB)*
Thus, ((F, A) U (G, B))* € (F,4)*U (G,B)*.......... (1)
Now let v € (F(a))* U (G (a))* foranya EAUB
that isy € (F(a)) ory € (G(a))'

= ye((FA)U(GB) = (H ()
Yae€ AUB
(F,A)* U (G,B)" S(F,AUG,B)) eceeeerns )
By (1) and (2)

t

(F.AUG,B))'= (F.4)' 0 (G B)

i)  Let(F,A),(G,B) € SMG(X) and

(K (a)) € (F, AN (G, B))*

= foreachy € (K(ax))", «a EANB

We have y € (F(a))", ¥V a€Adand y € (G (a))”,
Yae b

— (F(a))* € (F,A)* and (G (a))* € (G, B)*

(F@))* N (G(a))* € (F,A) N (G B)

(K(a))*€ (F,A)* U (G,B)*

Thus, ((F, A) N (G, B))* S (F,4)* N (GB)"......... (1)
Nowletv € (F(a))* N (G(a))* foranya EANB
that isy € (F(a)) andy € (G(a))*

= vE((F,AN(GB)) =H®@)VVaceAnB
(F,A)* 1 (G,B)* S(F,AN (G B)) oo )
By (1) and (2)

((F, A (G, B))'= (F,4)" A (G,B)

Proposition 3.14 Let (F, A) (G,B) € SMG(X) such that
((F, A) € (G, B)

Then (F, 4)* € (G, B)"

Proof:

Let (F, A) (G,B) € SMG(X) and ((F, A) € (G, B)

(F, A) € (G, B) implies AS B
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But (F,A4)" = (F*, A) where F*(a) = (F(a))" (from
definition)
For any x € (F(a))* Ya € A, we have x € (G(a))’
since AC B and F(a) € G(a)
Imply (F(a))* € (G(a))'Va € B
Thus (F, 4)* € (G, B)
Definition 3.15
Let (F, A), (G, B) € SMG(X). Then

i) (F,A)V(G,B)=(H,AxB)
with H (e, e,) =F(ea,,a,) U G(a,,a;)
v (@, a,) €E AxB

i) (F,A)A(G,B)=(K, 4xB)
with K (a,,a,) =F(a,,a,) N G(ay,a,)
v (@, a,) € AxB
Proposition 3.16 Let (F, A),(G,B) € SMG(X), then

(i) ((F,A)V(G,B))'= (F,A)*V (G,B)*

(i) (F,A)A(G,B))'= (F,A)*A (G,B)*
Proof:

(i) Let(F, A), (G,B) € SMG(X)

(F,A)V (G,B)=(H, AxB)

with H(a,,a,) = F(a,a,) UG(a,, a,)
Vv (a,,a,) € AxB
let x € ((F, A) V (G, B))*
= x € (H(ay,a,))'V (a,a,) E AxB
= x € (F(ay,a,))" U (G(ay,a,))’
ie.x € (Fla,a,))or x € (Glay,a,))*
= (Fla,, a,)) € (F,A) or
(G(ay,a,)) €(G,B)'Y (a,,a,) E AxB
= (F(ay,a,))* U (G(aya,)) €(F,A)° U (G, B)*
ie. (Fla,,a,)U G(a,a,)) €(F,4)"U(G B)
thatis, (H(a, @, ))* € (F,A)* V (G, B)"
(F, AV (G,B)) S (F,A)V(GB) ... (1)
Now let y € (F,A)* V (G, B)*
=y € (F(ay,a,))" U (G(ay,a,))
Vv (a,a,) E AxB
ie.y €(Fla,a,)) ory €(G(a,a5))’
since (F(eay,a,))" € (F,A)" and
(G(ay,a,)) €(G, B)'Y (a,,a,) E AxB
=y €((F,4) U(G,B))
Thatis, (F,A)* V (G, B)" S((F,.A)V (G, B))"....... ()
By (1) and (2) equality is established.

(i) Let(F, A), (G,B) E SMG(X)
(F, A) A (G, B) = (H, A x B)
where H(a, a,) =F(a,a,) N G(a, a,)
Vv (@, a,) E AxB
and (H(a, a,))" € (F, A A (G, B))*
forany x € (H(a,, a,))'V (@, a,) E AxB
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we have x € (F(aya,))’andx € (G(aya,))’

= (F(a,a,))* € (F,A)" and

(G(aya,)) €(6,B)' V (a,a,) EAxB

= (F(a,@,))" A (G(aya,))’

e(F,A)" N (G B)

That is

(F,AVA(G,B))* € (F,A)N(GB) ... (1)
Now lety € (F(a,a,)) andy € (Gla, a,))"

= y E((F,A) N(G,B))°

Thatis, (F, A)* A (G,B)" S(F, AV (G,B)) ... 2)
By (1) and (2) equality is established.

Definition 3.17 Let (F, A) € SM G (X). Then raising to
arithmetic power denoted by:

(F,A)" isdefined:

(F,A)" =(F" A)where F": A— P(X™)
Given by

F'a) =(F(a))" n=0,1,2,...)

Proposition 3.18 Let (F, A) € SMG (X)),
then (F, A)" € SMG(X).

Proof:

Let (F, A) E SMG(X)

Foreveryx € Xanda €A, n €M

Cenia) (¥) = Cipgap”

= (Cria) ()"

Since Criyy (x) Va € A=(F,A) € SMG(X)
(F,A)" ESMG(X).

Proposition 3.19 Let (F, A), (G,B) € SMG(X), then
formn €{0,1,2,...}

i. (F,AU(G,B))"= (F,A)"0U G, B)"

t

ii. ((F,A)N(G,B))"= (F,4)" N (G,B)"

Proof:
i. Let(F,A), (G,B) € SMG(X),and
n £{0,1,2,...} foranyx € X
We have Cyrggyniq) (X)
= C((ru6) ()" (%)
= (Ciirugy(e (x))" for ¥ x € X and
a € A U B (by definition)
But CI:I:FDG:“:R]'} (.’X’) = max {CFI:R':I (.’Ij, CG(R’} (.’k’j}
Then (CI:I:FUG:II:R:I (x)):'z
= (max {Crq) (%), Coay ()P
=max {(Crq) (%)) (Coray (x))™}
= max {[:CF_:(rr} (.‘k’), CG“(R} (.‘k’)}
=(F,A)"U(G,B)"
Thus ((F, A) U (G, B))"= (F,4)" U (G,B)"
ii. Let(F, A), (G,B) € SMG(X), and
neEo,1,2 ..}
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We have C'rcym e (x)

Coraerian™ (X)) = (Coracyia ()7

Vx € X and @ € A N B (by definition.)

But C(erg)(an (%) = Min{Criqy (), Coey ()}

Then (Crirac)iay ()"

= (min £CFI::‘(} [:x)fCGI:rf} [::X') })”

= min {(Creay (21" (Coray (x))™3

=min {(Cpanm (%) (Cigrapnm ()}

=min {(CF: 23] (I), (CG"II::?} [:xj }

=(F,A)" n(G,B)"

Thus ((F, A) N(G, B))"= (F,4)" 1 (G,B)"
Proposition 3.20 Let (F, A) € SMG(X). Then for
ne{0,1,2,...}

(F,A) E (G,B) = (F,A)" € ((G,.B)™

Proof:

Let (F, A), (G, B) € SMG(X)

Such that (F, A) € (G, B)

This imply for any @ EA = a € B and F(a) = G(a)
Now forany x € X,

Cen(a) (%) = (Cra (%)™

and  Cgnyy(x) = (Core ()"

Since F() = G(a) V a € 4,

we have Cpn(y (x) < Coniy(x)

e, (Cria (x))"

< (Com(x))"VxEXNand a € B.

hence (F,A)™ € ((G,B)".

Definition 3.21 Let (F, A), (G, B) € SMG(X).

Then an arithmetic multiplication denoted by

(F,A) @ (G, B) is given by

(F,A) ® (G,B) = (H, C) where C = ANB and

H(a) = F(a)® G(a)a € C where @ is the mset
arithmetic multiplication.

Proposition 3.22 Let (F, A), (G, B) € SMG(X). Then
(F,A) © (G,B) € 5SMG(X).

Proof:

Let (F,A), (G, B) € SMG(X).

(F,4) &(G, B) = (H, ANB) (from definition)
suchthat H(a) = F(a) () G(a)

for any ¢ € AMNB

Clearly F(e) and G () are msubgroups of M(by definition)
And F(a) (G(ea) isamsubgroup of M

thus H(ex ) is a msubgroup of M.

in particular, (H, AN E) is a soft mgroup.

Thus (F, f-l)@ (G, B) is a soft mgroup.

Definition 3.23

Let (F,A) € SMG(X) and k € N then the scalar
multiplication denoted k( F, A is given by
k(F,A)=(H, A) where H(t) = kF ().
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Proposition 3.24

Let (F,A) € SMG(X) then k(F,A) € SMG(X).
Proof:

Let (F,A) € SMG(X)

We need to show that k(F, A) € SMG(X) fork € N
Foranya € Aand x € X withk=1{0,1,2, ...}

We have Cygqy (%) = K. Crigy (X)

K. CF':R’:' (_’1’) = kF[G[!:]

=H(e) (butH(a) isa msubgroup of M)

Hence k(F,A) € SMG(X).

Definition 3.25

Comparable soft mgroups

Let (F,A;) (F;, A;) € SMG(X), then (Fy, A,), (F;,
A, ) are said to be comparable if

(Fi, A S (F,Ay)or (Fy, A;) S(FL,A)VxeEX
anda € E.

Definition 3.26

Regular soft mgroup
A soft mgroup (F, A) is said to be regular if

CF,:R}(x] = CF,:R:,(}rj‘v' X, YEX, a € A.
Proposition 3.27 Let (F, A), (G, B)E SMG(X) such that
(F, A), (G, B) are regular. Then;

@) (F,.AU(G,B)

(i) (F,A) A (G,B)

are regular.
Proof:
(i) Let (F, A), (G,B)ESMG(X) and (F, A), (G, B)
be regular.

Now (F, A) U (G, B) = (H, C) where H(a) =
F(a) U G(a)andC=AU B
For any @ € AU B, clearly F(a) and G(a)are regular
msubgroups (by definition)
thus H (e is a regular msubgroup of M.
in particular, (H, A U EB) is a regular soft mgroup.
Thus (F, 4) U (G, B) is regular.
(ii) Let (F, A), (G, B) € SMG(X) and (F, A), (G, B)
be regular.
Now (F, A)I\(G, B) = (H, C) where
H(a)=Fa)N G(a)andC=AN B
For any ¢ € A N B, clearly F(ea) and G(a) are regular
msubgroups (by definition)
thus H(e) is a regular msubgroup of M.
in particular, (H, A B) is a regular soft mgroup.
Thus (F, 4) 1\ (G, B) is regular.
Proposition 3.28
Let (F, A) € SMG (X)) such that (F, A) is regular. Then for
n € M, and a scalar k,
M FA)"
(i) k(F,A)
are regular.
Proof:
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(i) Let(F, A) € SMG(X)suchthat (F, A) is regular
Foranyx € Xanda €4, n €M
CF"I'::?:I (R’j
= Cipen(¥)
= ( Crie) (1))
SinceWx € X anda € 4,
Crio(x)=(F,A) €5MG(X)isregular
( Crio(x))7=(F,A)" € SMG(X) is regular.

(i) Let(F, A) € SMG(X)suchthat (F, A) is regular
Foranyx € Xanda € 4, k €N
Crria) (2) = k. Cpg) (x)
But Cg( ) () = (F, A) is regular.
Thus k. Cg( .y ()= k(F, A) is regular.
Example 3.29
Let X = {e, a, b, ¢} be the Klein’s 4-group and M = [e, a, b,
c]:::: be a mgroup over X. Suppose (F, A) is a soft
mgroup, with E= {a,a@,, a3} a set of parameters such that
A ={a,, a,}withF(a,)=[e,a b,c]y 4, andF(a,)=
[e,a b, c] 111,11 - Then (F, A) is a regular soft mgroup.
Definition 3.30 Count of an element in a soft mgroup

Let SMG (X) be the set of all soft mgroups of a group X.
The count of an element in

(F,A) € SMG(X) is the number of occurrences of its
object. The order of (F, A) is the sum of the count of each of
its elements and is given by:

(F, A) =X Cpgy(x)Vx EXand ¥V a € A.

Definition 3. 31

Absolute soft mgroup

Let (F, A) be a soft mgroup over M, the soft mgroup (F, A) is
called absolute over M if

Fl@)=MV a € A

Definition 3.32
Commutator in a soft mgroup

Let (Fy, A,).(F;, A5) € SMG(X), the commutator soft
mgroup of (F,, A,) and (F,, 4,) is the soft mgroup
generated by the commutator

[(FL, Ay), (Fr, Al ={F, (a),F;(a)V a € E}
=[x,¥y]vx € F(a)and v € F,(a) ¥ a € E} with
[x,y]=x""y T xy.

Proposition 3.33 Suppose (F, A4) € SMG(X) then
Criay ([.¥]) = Cri oy () iff (F, A) is Abelian,

Proof:

Assume Cr o ([x,¥]) = Cgiqy (€) where e is the identity
elementin (F, A)

Then Cepy (x 7y xy) = Cppy(e) VX € A

= CFI::?} ((vx]_lxv) = CFI:R} (E:] VagA

= CFI:R‘:I [IU} = CFI::r} [:VI:] Va€A
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Therefore, (F, A) is abelian.

Conversely, let (F, A) be abelian
=Vx,v EXa cd

we have Crq (x¥) = Cp(ay ()

= Criay (¥ 712¥) = Cpioy (v 1yx)
= CFI:R‘:I [:V_lXVj = CFI:I!T:I [:x)

= CFl:n’} (x_l}r_lx}rj = CF(:?} [:x_lxj
= CFI:R‘:I [:x_l}r_lx}rj = CFI:I!T:I [:E')

= CF(:r} [:[x’_'l,:":lj = CFI:R‘:I [:E)
Proposition 3.34 Let(F,A) € SMG(X) be abelian. Then
CFI:IET:I [Pfx]_lj = CFI::‘(} [}?,_‘J'.':l

Yx,v €E Xa €A

Proof.

Suppose (F, A) is abelian, then we get

Criey (. ¥]71) = Crpoy ([ ¥])
= Criey (xHy 7 xy)
= Cr(a (y~tx"tyx)
= Criey (n,x])]¥x,y € Xanda € A
= Criay ([0 V™) = Copoy (0x]) o )
similarly, C oy ([v,x]) = Cpy (v, x] )74
= Crioy (2] ™
= “Fla) [:(}T_lx_l Fx:]_l)
= Cpey ((x 7'y ) ™Y
= Criay ([x,¥] 77
= Crioy ([%]) 2 Cry ([T v @)
(1) And (2) implies
Criay (,x]) = Cry ([ ¥]7H).

Definition 3.35
Normal soft mgroup

Let (F;,A,) be a soft mgroup over M, and ( F;, A, ) be a
soft submgroup of ( F,, A, ), then we say that ( F;, A, )is a
normal soft submgroup of ( F,, A, ) written as
(Fy,Ay) F(FL A
If Cr (o) (xvx™1)
= CrimM)¥YxyEXand a EE.
Proposition 3.36 Let ( F;,A4,) and ( F,,A,) be soft
mgroups such that (F, , 4, ) is a soft submgroup of ( F;, 4, ).
Then ( Fy, A,) is a normal soft submgroup of ( F,, A, ) iff
(i) CF-_I::r} ([.’1’,}?]) = CF-_I::‘{} (levr X,V E X
anda € A, N A4,.
(i) E‘F-_I:R':I ([x,}r]] = CF-_I:R':I (e:]'?'x’}r eX
anda € 4; N A,, where e is the identity in X
Proof
(i) (=)Suppose ( F,,A;) isanormal submgroup of
(Fp, 4;).
Letx,y € X anda € A, then
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Cr, () (X717 y) = Cp ) (x7HO 1)

= CF._ (e} (x_l)"ﬁ" CF-_I:R':I (}F_lx}r)

= CF-_I:ET:I [x] A CF-_I:R:I (.’X’) = E‘F-_I:R':I (.’X)

Hence CF-_I:ET:I (x_l}r_lx}r:] = CF-_I:R':I (.’X’)

Thatis Cg oy ([0, ¥]) = Cp oy (x) oo (1)

(©) Suppose Cr oy (x 'y ay) = Cp 0y (%)

then ¥x,y €X anda € A, we have C;_ (e (X7 Hyx)

= Cr oy vy " hyx) )

= CF. (el [(}F]}F_lx_l}rxj

> Cr, (o) () A Cry (o (M)

= Cr, () ) A Cr o [(.x]) = Cg (0 ()

Thus Cg () (x7tyx) = C;, () ()

‘v’x,}ré Xanda€ A, i

Hence ( F}, A, ) is a normal soft submgroup of ( F;, 4, ).

(i) Suppose x,y EX,a € 4,, and (F,4,) isa
normal soft submgroup of ( F;, 4, .

Now we know that ( F;, A,) isanormal soft submgroup of

(Fy.4,)

= Cp o (xy)= Coimyx)Vx,yEX a €A,

© Cr ) () = Cp 7Y

‘v’x,}r_EX,cxeﬂl i

S Cr i (xy Ty ™) = Crim 071

‘v’x,}r_EX,cxeﬂl i

= Cria) ([x.¥]ly™1) = Cr,(a) (y™

Ve, yeEX a €A

Thus Cg (o) ([x,¥]) = Cr, () (e)

Wx,yv € X a € A where e is the identity in X.

Definition 3.37

Conjugate element in a soft mgroup and Conjugate soft
mgroup

Let (F,A) € SMG(X) and x,y € X, then x and ¥ are
called conjugate elements in (F,A) if for some z € X and
a €k, CFI::r} (Ij = CFI::r} [z_‘!,rz_lj_

Two soft mgroups (F;,4,),( F5,4,) € SMG(X) are
conjugate to each other if

Vx,vEXanda EE,

Cr, (e () = Cp, (o (xyx ™)

and (Cp, (o (%) = Cp 0y (yxy ™).

Definition 3.38
Soft Abelian mgroup [8]

A soft mgroup (F, A) over a mgroup M of a group X is
called soft abelian mgroup if F(e }is an abelian submgroup of
M, ie. Cria)(x¥) = Crioy(¥x)¥V x,y € X and a € A
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Remark 3.39 Let (F;, A4,) be a normal soft mgroup over M.
Then (F;, A,) is an abelian soft mgroup.

Proposition 3.40 Every soft submgroup (F,,A4,) of an
abelian soft mgroup (F; , A,) over M is normal.

Proof

Since (F),4,)is soft abelian mgroup, F|(a) for all a
€A, is an abelian submgroup of M and each F; (a) is a

subgroup of F, (o) for all o €4, .

It is well known that a subgroup of an abelian group is a
normal subgroup which can be extended since every mgroup
is a group, even though the converse is not true. This implies

that (F5, A, ) is a normal soft mgroup.

Definition 3.41

Soft mgroupoid

Definition: Let X be a group and M a mgroup over X. Let
AE E be a set of parameters. A soft mset (F, A) over M is
called a soft mgroupoid over M iff ¥V x, v € M,

Cria) () = Crppy(x) A Cppgy () VE A,

Proposition 3.42

A soft mgroupoid (F, A) over a mgroup M, is a soft mgroup

iff Crgy (671 = Cray ()

Vx,vy€Manda € 4.

Proof:

=)

Assume (F, A) is a soft mgroup, it follows that, Cr - (x¥)
> Crpay() ACgy(¥)

and CF,:E}(x_l) = Criay(@)) VX, ¥y €Xanda € A.

(%) Suppose Cry oy (x 1) = Crpgy(x) VX, ¥ € X

anda € 4

It remains to show that Cg .y (X¥) = Cpy oy (%) ACp( (V)
NOW Ci g (2¥) =Criey [ (¥ 1) 71

> Criay () A Crpey (077

= Cray (X) A Crpoy(r ™)

=Cra)(®) A Cppy (V)

Hence Cr( ) (X¥) = Crpgy(X) A Crigy(V)

Therefore, (F, A) is a soft mgroup over M.

Definition 3.43
Soft semimgroup
A soft mset (F, A) over M is called a soft semimgroup over M

iff Crpoy(x¥2) = Cpppy(vx2) VX, y,ZEMand @ € A.

Definition 3.44

Soft multimonoid (mmonoid)

A soft mset (F, A) over M is a soft multimonoid (mmonoid)
over M, if it is a soft semimgroup of M and it satisfies

Cria)(®) 2 Cpppy(x), YX € M, and @ € A where e is the
identity element in M.
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4. Conclusion and Future Scope

In this paper, we have initiated some new results on the
structures and Operations on Soft Multigroups. Some of the
algebraic properties of soft mgroups were explicated. To
extend the study of soft mgroups which was initiated by
Nazmul and Samanta [8], we have introduced novel concepts
such as commutators in soft mgroups, soft m-monoid, soft
semi mgroup, soft mgroupoid, conjugate soft mgroups, and
others and exemplified some important properties and
operations in soft mgroups. We obtained many results,
established some relationships, and extended some properties
in soft mgroup theory. The foundations which we have
established here can be used to gain insight into the higher-
order structures of group theory. One can also further the
study on soft mgroups by taking on: The cosets in soft
mgroups, Product and the restricted product of soft mgroups,
or considering several hybrid structures like Soft fuzzy
mgroups and soft vague mgroups among others.

The theory of soft mgroups can be very useful in many areas
such as structural Analysis, risk management, decision
making, and cryptography.
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