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Abstract - A recursive structure theorem for Mersenne meet matrices on A-sets is verified and a recursive formula for det
(Mersenne meet matrix) and for inverse of (Mersenne meet matrix) on A-sets is also verified. The recursive formulae also
yield explicit formulae, e.g. the known determinant and inverse formulae on chains and a-sets.
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I. INTRODUCTION

Let (P,.<) =(P,v,A_) be alocally finite lattice, let

S=( Xy Xogeravannannnn X, } be a subset of P and let

f: P — C be a function. The meet matrix (S); on S with
respect to f are defined as ((S); )i = f(xi A X) .

Haukkanen [1] introduced meet matrices (S); and obtained
formulae for det(S); and (S;)™" (see also [2] and [3]).
Korkee and Haukkanen [4] used incidence functions in the
study of meet matrices. There we obtained new upper and
lower bounds for det(S); and a new formula for (S;)™* on
meet-closed sets S (i.e., Xi, X; €S = X; A X; € S). Korkee
and Haukkanen [5] presented a new method for calculating
det(S); and (Sf)‘1 on those sets S which are not necessarily
meet-closed.

Sisan A-setif the set A= {x; A xj/ % # X} isachain (an
A-set need not be meet-closed). For example, chains and a-
sets (with A = {a} )are known trivial A sets.Since the
method, presented in [5], adapted to A-sets might not be
sufficiently effective, we give a new structure theorem for
(S);s where S is an A-set. One of its features is that it supports
recursive function calls.By the structure theorem we obtain a
recursive formula for det(S); and for (S;)~" on A-sets[6]. By
dissolving the recursion on certain sets the known explicit
determinant and inverse formulae on chains and a-sets are
obtained.

Note that (Z+,]) = (Z+, gcd, lecm) is a locally finite lattice,
where | is the usual divisibility relation and gcd and lcm
stand for the greatest common divisor and the least common
multiple of integers. Thus meet matrices are generalizations
of GCD matrices
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((S)s )ij = f(gcd(xi , x;)) and therefore the results in this paper
also hold for GCD. For general accounts of GCD matrices,
see [8]. Meet matrices are also generalizations of GCUD
matrices, the unitary analogies of GCD matrices, see [9].
Thus the results also hold for GCUD matrices.

Section | gives the introduction of meet matix and
A-set, Section Il elaborates the definitions of a-set,A-set
and Meet matrix, Section Il discusses about the structure
theorem, det(Mersenne meet matrix on A-set) and inverse
(Mersenne meet matrix on A-set) and Section IV concludes
the paper with the a discussion on the work carried out in
this paper.

Il. DEFINITIONS

Let (P, <) = (P, A) be a meet-semilattice and let S be a
nonempty subset of P. S is meet-closed if x Ay € S
whenever x,y € S. Sis lower-closed if

(x € S;y< x) >y € Sholds for every y € P. It is clear that a
lower-closed set is always meet-closed but the converse is
not true. The method used requires that the elements of S are
arranged analogously to the elements of chain A.

Definition 2.1 The binary operation n is defined by
SiMNS,=[XAYy/X€ES,YyES, X#VY} (2.1)

where S; and S, are nonempty subsets of P.

Let S be a subset of P and leta € P. If S 'S ={a}, then the

set S is said to be an a-set.

Definition 2.2 Let S = { X3, X,.vvuvvnen.. xn } be a subset of

P with x; <xj =i <jand let

A={aa............ an.1} be a multichain (i.e. a chain where

duplicates are allowed) with

p<a=<....... <an.1. The set Sis said to be an

A-set if {4} N Kt oo .onn, Xop ={a} for all
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k=1,2,...... , n-1.

Every chain S = { X3, Xo,.uvnnn... X, } is an A-set with A =
S\ {x,} and every a-set is always an A-set with A = {a}.
Definition 2.3 Let f be a complex-valued function on P.
Then the n x n matrix (S);, where

((S)r )i = T (xi A X, is called the meet matrix on S with
respect to f. Also the n x n matrix (S); ,where ((S); );; = f (xi A
x) =2 "% -1 is called the Mersenne meet matrix.

In what follows, let S = { X1, Xo,....ven..... X, yalways be a
finite subset of P with x; < x; = i <]. Let also
A={a,ay........... anq } With a; < aj =i <. Note that S

has always n distinct elements, but it is possible that the set
A‘is a multiset. Let f be a complex-valued function on P.

111 MERSENNE MEET MATRICES ON
A-SETS

3.1 Structure Theorem
Theorem 3.1 (Structure Theorem) Let S ={ Xy,

X2y euueeannanns Xn } be an A-set, where
A={a; ay............ a1 } is @ multichain. Let fy, f, f,
denote the functions on P defined by
f,=fand
fln0) = i) - L4 (3.0)
fork=1,2,......... ,n-1
Then (S)i= M'DM, (3.2)
where D = diag (fi(xy), f2(X2),........ , fa(xn)) and M is the n x

n upper triangular matrix with 1's on its main diagonal,
and further

(M) = 2428 (3.3)
for all i <j. (Note that fy,......... , T, exist if and only if (f(x)
=0, ax #X) = fi(ax) = 0 holds for all
k=1,2,....... , n-1. In the case fi(a) = fi(x) =0, (M) =
for all k <j.

Proof :  Leti<j. Then
(MTDM)ijz k=1 (M)yi (D) ki (M)

fla) +3ich L (3.4)

fi(a) +Tiz1 (fie(@) - fa(@i)

= fl(ai) = f(Xi A Xj).
The case i = j is similar, we only replace every a; with x; in
(3.4). Since M'DM is symmetric, we do not need to treat
the case i > j.

3.2 Determinant of Meet matrix on A-sets

By Structure Theorem we obtain a new recursive formula
for det(S); on A-sets.

Theorem 3.2 Let S = { Xq, Xopeurvnnnnn.n. X, } be an A-set,
where A= { a;, ay..onvnnnnns any } IS a multichain. Let f;,
f, f, be the functions defined in (3.1). Then

AAAAAAAAA
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det () = folXa)fo(Xo).vrn..... £ (%), (3.5)

By Theorem 3.2 we obtain a known explicit formula for
det(S); on chains presented in [4, Corollary 3] and [14,
Corollary 1].

Corollary 3.1 If  S={Xg, Xg,.vvuvvnnn. X, HS a chain, then

Det (S)i=f(x1) [li=(f (x1) - f(xk-1) (3.6)

Proof : By Theorem 3.2 we have

det(S); = fi(x)f2(x2).......... fa(xn), where f,=fand
fiee (%) = fi(X) - fi(xi)) = £(x)- f(x,) for all

= , n- 1. This completes the
proof.

By Theorem 3.2 we also obtain a known explicit formula for
det(S); on a-sets. This formula has been presented (with
different notation) in [1, Corollary of Theorem 3] and
[5,Corollaries 5.1 and 5.2], and also in [7, Theorem 3] in
number-theoretic setting.

The case f(a) = 0 is trivial, since then (S); = diag(f(xy),
f(X2)yeenen , T(Xn)) and det(S) = f(x)f(x2)...... f(Xy).

Corollary 3.2 Let S = { Xq, Xopevuvinnnnnn. X, } be an a-set,
where f(a) #0. If a €S (i.e. a = x;), Then

det(S); = f(@)(f(x,) - f(a)).... (f(x,) - f(a)). 3.7
Ifags,then

det(S) _ n f(a)(f(x1) £(@)...(f (xn) — £ (@)

FG) - f@
+(f(x) - f(a)).... (f(x)-f(@)).  (3.8)

Example 3.1 Let (P, <) = (Z+,)) and S ={2,3,5} .
22 -1 20 —1 2t -1
Then S=|21 — 1 23 — 1 21 — 1] Since S is an A-set
21 —1 20 —1 25 -1
with the chain A = {1,1} by (3.1) we have f, = f, f,(x) = f,(x)
- f1(1)%61(2) and 3(x) =f,(X) - f,(1)* /fx(3). and. Let f(x) = 2*-
1. Then

fi(x) =25- 1, fp(x) = 2% 4/3, fy(x) =25 7/5

and by Theorem 31 (S)= M'DM, where
1 1/3 1/3
D=diag(3,20/3,153/5) and M= 1 1/10]
0 0 1

and by Theorem 3.2 we have
det(S); = f1(2)f,(3)f3(5) = 3(20/3)(153/5) = 612.

3.3 Inverse of Mersenne meet matrix on A-sets
By Structure Theorem we obtain a new recursive formula

for (S;)”" on A-sets.
Theorem 3.3 Let S = { Xq, Xoevuvvvennnnn X, } be an
A-set, where A={a; a,............ any } is @ multichain. Let

fi, o f, be the functions defined in (3.1), where fi(x;) # 0
fori=1,2,,....,n. Then (S); is invertible and

()" =NaNT (3.9)
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where A= diag(1/fi(xy),1/f2(X0),..., 1/f,(x,)) and N is the
nxn upper triangular matrix with 1's on its main diagonal,
and further

_ fi@) _ fulag)
()= 208 Tici (1-7525) (3.10)

for all i <j.

Proof: By Structure Theorem (S); = M'DM, where M is

the matrix defined in (3.3) and

D= dlag (fl(xl): f2(X2),. ey
NANT,

where D™ =diag(1/f;(x1),1/f2(X,),.. ., 1/f,(x,)) and

M =Nisthen x nupper triangular matrix in 3.10.
Example 3.1.1

f.(x)). Therefore (Sf)_1 =

S is considered the same as in Example 3.1 then by (S;)”"
=NaN",

a=diag (1/3,1/(20/3),1/(153/5) ) , N=M?,
1 -1/3 -3/10
N=[o 1 —1/101,
0 0 1
) 6/17 —5/102 —1/102
(S) = [—5/102 23/153 —1/306]
-1/102 -1/306 5/153
Corollary 3.3 Let S = { X3, Xp,eueuvvnnnn.. X, } be an a-set,

where f(a) #0 and f(xy) # f(a) for
allk=2,....... ,n. IfaesS(i.e.a=xy), then (S); is invertible
and

((Sf)‘l)

f(a) + k- =2 fap)~f (@)
1

fOa)—f(@)
_r
kf (@—f(xk)
0 otherwise

ifi=j=1,
if1<i=j,

ifl=i<j=korl=j<i=k

(3.11)

If ae S and further f(x.) # f(a) and
(a) —# e 1m , then (S); is invertible and

((Sf) )

1 ( +ym 1 ) 1
f(xk) f@  Fan-f@? \r@ k=1 () -f (@
ifi=j,

1 -1

| Foo—r@lreo—r@i (f(a)+2k 1 G- f(a))

k if i #j.
(3.12)
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IV CONCLUSION
The Mersenne Meet matrices on A sets is defined and the
proof of the structure theorem is shown by example. The
determinant and inverse of the Mersenne meet matrices on
A sets are calculated through the results based on A sets. In
future the various matrices similar to Mersenne matrix may
be considered under this study.
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