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Abstract—In this paper, an explicit linear two-step method of maximal order containing one free parameter for the solution
of IVPs in ODEs is presented. The performance measure of the method in terms of the accuracy and zero stability is
examined. The bound of the local truncation error for the explicit linear one-step method has been investigated. Numerical
example has been solved successfully via the explicit linear two-step method by varying the free parameter. The results
obtained show that the explicit linear two-step method is zero stable and agrees with the exact solution. In the case of
b = -5, the method is zero unstable. It can also be concluded that one order decrease in the values of the step length leads to
third order decrease in the magnitude of the error bound of the method. The methodology can be applied to the solution of
higher order ODEs emanated from real life situations with points of catastrophe.
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l. INTRODUCTION

Most of the models emanated from finance, science,
engineering, social science, medicine which are formulated
by means of the differential equations are so complicated
to  determine  their  exact  solutions.  There
had been a lot of developed methods for the numerical
solutions of IVVPs in ODEs such as [1-13], just to mention a
few. The main aim of this paper is to examine the
performance of the explicit linear two-step method of
maximal order containing one free parameter in terms of
accuracy and zero stability. The rest of the paper is
organized as follows: Section Two presents the overview
of some related research works. Chapter Three is the
methodology. Section Four consists of the implementation
of the explicit linear two-step method on IVP in ODEs.
The bound on the local truncation error for the method is
also presented. Section Five presents the results and
discussion. The concluding remarks and the future scope
were captured by Section Six.

Il. RELATED WORK

Some approaches for solving system of ordinary
differential equations directly have been suggested and
developed by many authors. A zero stable method for
direct solution of fourth order ordinary differential
equations has been developed by [14]. Kayode [15]
considered A zero-stable optimal order method for direct
solution of second order differential equations. A new
sixth-order algorithm for general second order ordinary
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differential equations was proposed and developed by [16].
Awoyemi [17] presented a class of continuous linear
methods for the solution of general second order initial
value problems in ordinary differential equations. Fadugba
[18] constructed an explicit linear two-step method of
maximal order. He also discussed extensively; the
properties of the method such as order of accuracy, error
constant, consistency, zero stability, convergence and the
local truncation error.

In this paper, by varying the free parameter, the explicit
linear two-step method shall be implemented on IVP in
ODEs and the results shall be compared with the exact
solutions.

1. METHODOLOGY

In this section, an explicit linear two-step method of
maximal order containing one free parameter is presented

[18]. Here, K=2,c¢, =1 3, =0, by hypothesis. Let

&, =b be the free parameter. There remain

three undetermined coefficients @, f,, B, . From the
Cq constants, one can write that
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From (2),
o =—(b+1) 5)
Also from (3), one gets
o —fh—ph =2 6)
Using (5) and (6), yields
B +6=1-b )
Substituting (5) into (4) gives

3-b

=== 8
o ( > j (®)
To get ﬁo , combining (7) and (8) yields
1+b
== — 9
{1 0
Hence,
1+b 3-b
a, =b,0,=~(b+1),,=0, 4, :_[2j1ﬂ1 :(zjlﬁz =0 (10)
From the general linear two-step method, one obtains
2 2

Zaj yn+] = hZﬁJ 1:n+j (11)
j=0 j=0

Substituting (10) into (11) and rearranging terms, yields
h
Y., —@+b)y. ., +by, = E((3— b)f,,—@+b)f, )

(12)
Equation (12) is the required mehod.
Remarks
The following are the properties of the derived method
[18]

i) For b = 0, the method (12) is of order two. The error
constant is obtained as C; = 0.4167 .

ii) For b = 0, the method (12) is zero stable.

iii) For b = -5, the method (12) is of the order three and the
error constant is obtained asC, = 0.1667 .

iv) For b = -5, the method (12) is not zero stable.

v) Equation (12) is consistent for b = 0 and b = -5, since

C,=C,=0.

vi) In the case whereb =0, (12) is convergent whereas in

the case b = =5, (12) diverges.

vii) The following result gives the Local Truncation Error
(LTE) for the general linear two-step method under the
localizing assumption.
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Theorem 2.1: If the real valued function Y is of

class C?[a,b] , then the local truncation error
LLy(x,); h] associated with the general linear two-step

2 2
2.0 Y =hY Bt (13)
j=0 j=0

for the numerical solution of the initial value problem

Y=1(XY), ¥(%)=Yo, X% <X<b,yeR (19

satisfies

0f (X121 G e
L[y(xn);h]:{l—hﬂz W}(Y(sz)_ymz) (15)

where §n+2 € ( yn+2’ y(Xn+2)) '
i) Equation (15) is the LTE for the implicit linear two-step

method, the case where 3, # 0.

method

i) For an explicit case, that is; for 5, =0, the LTE is the

difference between the exact solution and the numerical
solution. This can be expressed as

Tn+2 = L(y(xn)! h) = y(xn+2) - yn+2 (16)
V. IMPLEMENTATION OF THE METHOD

Consider the initial value problem of the form

y'=4xy%,y(0)=1 (17)
whose exact solution is obtained as
y(x) = 1+ x*)? (18)

Varying the free parameter, the results generated via the
explicit linear two-step method (ETSM) in the context of
the exact solution (ES) were displayed in the Figures 1 and
3. The errors generated via the ETSM forb =0and b = -5
are displayed in Figures 2 and 4, respectively. The
comparative results analysis of ETSM and ES for different
values of the free parameter is shown in Figure 5. The
relative errors of ETSM for different values of the free
parameters are shown in Figure 6. The bound for the local
truncation error of the derived two-step explicit method
with b =0 is presented below.
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Figure 1: The comparative results analysis of the explicit linear
two-step method and the exact solution for b=0.
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Figure 2: The relative error generated via the explicit linear two-
step method for b =0.
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Figure 3: The comparative results analysis of the explicit linear
two-step method and the exact solution for b = -5.
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Figure 4: The relative error generated via the explicit linear two-
step method for b =-5.
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Figure 5: The comparative results analysis of the explicit linear
two-step method and the exact solution for different values of b
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Figure 6: The comparative error analysis of the method for b =0
andb=-5

The bound for the local truncation error when the derived
two-step explicit method with b = 0 is applied to the
initial value problem (17) is presented as follows. From
(17), the first order differential equation is given by

y = 4xy* (19)
In order to find a bound for the local truncation error when
b =0, we write that

YO =y (0 =y’ (X) (20)
Where p is the order of the explicit linear multistep method
for b = 0. We now differentiate the differential equation
totally to obtain

y2(X) = 4y? +8x2 1)
1 -1
y¥(X) = 4xy2.2y 2 +16x =8x+16xX = 24X 22)
30
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Hence, the bound for the magnitude of the local truncation
error at any step within the range of integration say [c, d]

|L(y(x,);h)|<h"*GY (23)
where

_ p+1
Y= Xrl}?,?f]‘y () (24)
Since p = 2, then

_ 3e| _
Y = Xrgiiz(]‘y (x)‘ = IQ?Z(]PA'X' =24d (25)

Where d is the right-hand end of the range of integration
under consideration. The bound on the local truncation
error is

IL(y(x,);h)|<h*G24d

(26)

But the influence function is obtained as

1
=15 [5-+b| 27)
Using the free parameter b = 0, (27) becomes

5}
G=15 (28)
Combining (26) and (28), one gets

. 3 S _ 3

IL(y(x, )| <h (E 24d =10dh o0

The behavior of the bound for different values of the step
length h is displayed in the Table 1 below.

Table 1: The bound of the local truncation error with
different values of the step length h and d = 2.

Step Length, h L(y(x,).h)
0.1 0.020
0.01 0.000020
0.001 0.000000020
0.0001 0.000000000020
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Figure 7: The effect of step length on the bound of the local
truncation error with d = 2.
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V. RESULTSAND DISCUSSION

The results obtained via the explicit linear two-step method
for b = 0 and b = -5 are displayed in Figures 1 and 3,
respectively. The errors obtained via the explicit linear
two-step method for b = 0 and b = -5 are displayed in
Figures 2 and 4, respectively. It is observed from Figure 5
that the results obtained for b = 0 via the explicit linear
two-step method agree with the exact solution. It is clearly
seen from Figure 6 that the method is zero stable for b = 0.
It is also observed from Figure 6 that the method is zero
unstable in the case of b = -5. It is observed from the Table
1 and Figure 7 that the smaller the step length, the smaller
the bound for the local truncation error.

VI. CONCLUSION AND FUTURE SCOPE

In this work, an explicit linear two-step method of
maximal order with one free parameter has been used for
the solution of the 1\VVP of the first order ODEs. The effect
of the step length on the bound of the local truncation error
has been investigated. The methodology can be extended
for the solution of second order ordinary differential
equations emanated from the real life situations with points
of catastrophe by varying the free parameter.

REFERENCES

[1] Fadugba, S., Ogunrinde, B. and Okunlola, T., “Euler’s method
for solving initial value problems in ordinary differential
equations”, Pacific Journal of Science and Technology, Vol. 13,
Issue 2, pp. 152-158, 2012.

[2] Fadugba, S.E. and Ajayi, A.O., “Comparative study of a new
scheme and some existing methods for the solution of initial
value problems in ordinary differential equations™, International
Journal of Engineering and Future Technology, Vol. 14, Issue
3, pp. 47-56, 2017.

[3] Lambert, J.D., “Computational methods in ordinary differential
equations”, John Wiley & Sons Inc., 1973.

[4] Wallace, C.S. and Gupta, G.K., “General Linear multistep
methods to solve ordinary differential equations”, The
Australian Computer Journal, Vol. 5, pp. 62-69, 1973.

[5] Fatunla, S.O., Rheinboldt, W. and Siewiorek, D., “Numerical
methods for initial value problems in ordinary differential
equations”, Series: Computer science and scientific computing
publisher: First edition, Elsevier Inc., Academic press, 1988.

[6] Lambert, J.D., “Numerical methods for ordinary differential
systems: the initial value problem”, First edition, Wiley, 1991.

[7] Ogunrinde, R. B. and Fadugba, S. E., “Development of the new
scheme for the solution of initial value problems in ordinary
differential equations, International Organization of Scientific
Research (IOSR), Journal of Mathematics (IOSRIM), Vol. 2,
Issue 2, pp. 24-29, 2012.

[8] Butcher, J.C., “Numerical methods for ordinary differential
equations”, John Wiley & Sons, Third Edition, 2016.

[9] Fadugba S.E. and Falodun B.O., “Development of a new one-
step scheme for the  solution of initial value problem (IVP) in
ordinary differential equations”, International Journal of
Theoretical and Applied Mathematics, Vol. 3, Issue 2, pp. 58-
63, 2017..

[10] Fadugba S.E. and Olaosebikan, T.E., “Comparative study of a
class of one-step methods for the numerical solution of some
initial value problems in ordinary differential equations”,
Research Journal of Mathematics and Computer Science, Vol.
2, Issue 9, DOI: 10.28933/rjmcs-2017-12-1801, 2018.

31


http://library1.org/_ads/947D88612B1E0B270BA3415623CEC947
http://library1.org/_ads/947D88612B1E0B270BA3415623CEC947

Int. J. Sci. Res. in Mathematical and Statistical Sciences

[11] Qureshi, S. and Fadugba, S.E., “Convergence of a numerical
technique via interpolating function to approximate physical
dynamical systems”, Journal of Advanced Physics, Vol. 7, pp.
446-450, 2018..

[12] Fadugba, S.E. and Qureshi, S., “Convergent numerical method
using transcendental function of exponential type to solve
continuous dynamical systems”, Punjab University Journal of
Mathematics, Vol. 51, pp. 45-56, 2019.

[13] Fadugba, S.E. and Idowu, J.O., “Analysis of the properties of a
third order convergence numerical method derived via
transcendental function of exponential form”, International
Journal of Applied Mathematics and Theoretical Physics, Vol.
5, 97-103, 2019.

[14] Kayode S.J., “A zero stable method for direct solution of fourth
order ordinary differential equations”, American Journal of
Applied Sciences, Vol. 5, Issue 11, pp. 1461-1466, 2009.

[15] Kayode S.J., “A zero-stable optimal order method for direct
solution of second order differential equations”, Journal of
Mathematics and Statistics, Vol. 6, Issue 3, pp. 367-371, 2010.

[16] Awoyemi D.O., “A new sixth-order algorithm for general
second order ordinary differential equations”, International
Journal of Computer Mathematics, Vol. 77, pp. 117-124, 2001.

[17] Awoyemi D.O., “A class of continuous linear methods for
general second order initial value problems in ordinary
differential equation”, International Journal of Computer and
Mathematics, Vol. 80, pp. 85-991, 2008.

[18] Fadugba, S.E., “Construction of an explicit linear two-step
method of maximal order”, Advanced Science, Engineering and
Medicine, Vol. 11, pp. 532-536, 2019.

AUTHORS PROFILE

Dr. Fadugba Sunday Emmanuel is a Lecturer in the
Department of Mathematics, EKkiti State University, Ado
Ekiti, 360001, Nigeria. His teaching experience spans
across several institutions of higher learning, focusing on
Financial Mathematics, Numerical Analysis, Data analysis,
Mathematical and Statistical Packages, Development of
Algorithms for Solving Differential Equations and
Fractional Calculus. He is self-motivated, has excellent
communication skills and is a team player. He is a holder
of Doctor of Philosophy (Ph.D.) in Mathematics in the area
of Financial Mathematics from the University of Ibadan,
Nigeria. He holds a Master of Science (M.Sc.) in
Mathematics from the same institution. He also holds a
Bachelor of Science (B.Sc.) with First Class Honours from
the University of Ado Ekiti, now (Ekiti State University,
Ado EKkiti), Nigeria. He has published several research
papers in both local and international Journals in the fields
of Mathematics. He is a member of IAENG Society of
Scientific Computing, Asian Council of Science Editors
and Nigerian Mathematical Society. He is a Lead Guest
Editor of some reputable international journals. He has
served as research project supervisor at AIMS, Senegal.
His career objective is to engage in research projects that
contribute to the sustainable development of the society.

© 2020, IJSRMSS All Rights Reserved

Vol. 7, Issue.3, June 2020

32


http://www.sciencepublishinggroup.com/journal/index?journalid=322
http://www.sciencepublishinggroup.com/journal/index?journalid=322

