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Abstract— This article provides a detailed overview of the techniques and methods used to solve second-order ordinary 
differential equations having coefficients that remain constant. The article begins by introducing the general form of 2nd-order 

differential equations and explaining the concept of constant coefficients. Next, the article presents the characteristic of equation 

and its roots, which are used to determine the nature of the solutions. The article then goes on to discuss the three possible cases: 

distinct and real roots, complex conjugate roots, and repeated roots, and present the general solution for each case, including 

examples to illustrate the application of the method. The article concludes with a brief discussion of applications of second-order 

differential equations in engineering and physics. The aim of this article is to provide a clear and concise guide for students and 

researchers interested in this important topic. 
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1. Introduction 

Ordinary differential equations of second order, whose 

coefficients remain constant throughout the equation are a 

class of equations that frequently arise in many branches of 

mathematics and physics, making them of fundamental 

importance in understanding and predicting physical 

phenomena. These equations have a wide range of 

applications in areas such as mechanics, electromagnetism, 

and quantum mechanics [1]. Therefore, finding the solutions 

to these equations is an essential task for many researchers 

and students in various fields of study. 

 

In this article, we aim to provide a comprehensive and 

detailed overview of the methods used to solve this class of 

equations. We begin by introducing the Standardized format 

of the second-order differential equation that has coefficients 

that remain constant throughout the equation, which is a 

homogeneous linear equation. We explain the meaning of 

constant coefficients and why they play an important role in 

solving these equations. We then present the characteristic 

equation and its roots, which provide information about the 

nature of the solutions. We discuss the three possible cases: 

real and distinct roots, complex conjugate roots, and repeated 

roots. For each case, we derive the general solution and 

provide examples to illustrate the application of the method 

[2]. 

One of the strengths of this article is that it covers not only 

the mathematical aspects of solving these equations but also 

their physical interpretations and applications. We discuss the 

connection between the solutions and physical systems and 

how the solutions can be used to analyse and predict the 

behaviour of these systems. We provide examples from 

physics and engineering to illustrate the applications of 

differential equation that has coefficients that remain constant 

throughout the equation [1] [2]. 

 

The techniques and methods presented in this article are 

fundamental to many fields of study, including mathematics, 

physics, and engineering. The article aims to provide a 

comprehensive guide for students and researchers who are 

interested in this topic, and it may be used as a reference for 

solving problems in related fields [1]. 

  

2. Related Work  

One of the earliest works on this topic was by Leonhard Euler 

in the 18th century. Euler developed a general method for 

solving LDE (linear differential equations) of any order, 

including the 2
nd

 order equations coefficients with constant 

(Euler, 1748). This method involved finding the solutions or 

http://www.isroset.org/
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values that satisfy the characteristic equation and using them 

to derive the general solution [3]. 

In the 19th century, the study of differential equations 

experienced significant developments, and many 

mathematicians contributed to the understanding of these 

equations. One of the most notable works in this period was 

by Carl Friedrich Gauss, who introduced the system of 

undetermined coefficients for solving LDE of any order 

(Gauss, 1815). This method was later applied to second-order 

equations with constant coefficients, providing a 

straightforward approach to finding particular solutions [4]. 

In the 20th century, the study of differential equations 

continued to grow, and new techniques were developed to 

solve these equations. One of the most significant 

developments in this period was the Laplace transform, which 

allowed solving differential equations in a different domain 

(i.e., frequency domain) (Churchill and Brown, 1990). The 

Laplace transform has been extensively used to solve 2
nd

 

order DE coefficients with constant, providing an efficient 

and powerful approach to finding the solution [5]. 

3. Homogeneous Linear ODE Coefficients with 

Constant: 

In this section we consider the special case of the 2
nd

-order 

homogeneous linear differential equation in which all of the 

coefficients are real constants. That is, we shall be concerned 

with the equation 

 

In this section, our focus is on the 2
nd

 order homogeneous 

LDE, where all the coefficients are constants with real values. 

In other words, we will only consider equations of the form: 

0)()()( 212

2

0  yxa
dx

dy
xa

dx

yd
xa                                     (1) 

 

Therefore, we will look for solutions of equation (1) in the 

form of
mxey  , where we will choose the constant m such 

mxe satisfies the equation. Assuming 
mxey   that is a 

solution for a certain value of m we can write: 

mxme
dx

dy
 , mxem

dx

yd 2

2

2

  

Substituting in (1), we obtain 

0)()()( 21

2

0  mxmxmx examexaemxa  

   024, =+m+mor  

Given that 0mxe , we can derive a polynomial equation 

in the variable m; 

0)()()( 21

2

0  xamxamxa                                         (2) 

 

The equation mentioned above referred to as the auxiliary 

equation or the characteristic equation of the given 

differential equation (1). While solving the auxiliary 

equation, the following three cases may arise 

I) All the roots are distinct and real.  

II) All the roots are real but some are repeating. 

III) All the roots are imaginary 

 

3.1 Case I: Distinct Real Roots 

If
21,mm are different roots of (2) then 

xmxm
eyey 21 ,   

Are independent solutions of (1) .Therefore the general 

solution of (1) is. 
xmxm

ececy 21

21   

Where 21,cc are arbitrary constants. 

Example: 
2

2
2 12 16 0

d y dy
y

dx dx
    

The auxiliary equation is 
22 12 16 0m m y    

Hence, 

( 4)(2 4) 0

4,2

m m

m

  


 

The roots are distinct and real . Thus 
4 xe  and 

2 xe  are the 

solutions to the equation are given, and we can express the 

general solution as: 

4 2

1 2

x xy c e c e   Where 1c and 2c are arbitrary constants. 

3.2 Case II: Repeated Real Roots 
If the auxiliary equation (2) has repeated real roots that are 

distinct, then the general solution of (1) can be expressed as: 
mxmx xececy 21   

Example: 

044
2

2

 y
dx

dy

dx

yd  

The auxiliary equation is 

0442  mm  

0)(, afor  

The roots of this equation are 
2,2m  

The roots are distinct and real and. Thus xe2  and 
xe2
 are the 

solutions to the equation are given, and we can express the 

general solution as: 

xx xececy 2

2

2

1  Where 1c and 2c are arbitrary constants. 

3.3 Case III: Conjugate Complex Roots 
Assuming the auxiliary equation has a non-repeated complex 

number root of the form a ib , we can infer that a ib  

(the conjugate complex number) is also a non-repeated root 

since the coefficients in the equation are real. Therefore, the 

corresponding part of the general solution is: 

ib)x-(a

2

)(

1 ececy xiba  

1c and 2c are arbitrary constants 

 -ibx

21 ececey ibxax 
 

 sinbx)i-(cosbx)sini(cos 21 cbxbxceax   

 sinbx)i)(cosbx)( 2121 cccceax   
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 sinbx)cosbx BAeax   

Example: 

0256
2

2

 y
dx

dy

dx

yd
 

The auxiliary equation is 

02562  mm  

Solving it, we find 

i
i

m 43
2

86

2

100366






  

Here the roots are the conjugate complex 

numbers bia  where 3a , 4b . One way to express the 

solution in a general form is 

)4cos4sin( 21

3 xcxcey x  Where 1c and 2c are 

arbitrary constants. 

 

4. Non-Homogeneous Linear ODE with 

Constant Coefficients 
Let us consider the non-homogeneous DE 

)()()()( 212

2

0 xFyxa
dx

dy
xa

dx

yd
xa                                     (3)

 

Where the coefficients 210 ,, aaa  are constants but the non-

homogeneous term F in general a non-constant function of x. 

The general solution of the above equation may be 

written, pc y+y=y where cy is the general solution of the 

corresponding homogeneous equation (1) with F replaced by 

zero and py  is called the complementary function, and it is a 

solution that contains no arbitrary constant. . On the other 

hand, any solution of equation (1) that does not contain 

arbitrary constants is known as a particular integral. 

4.1 Case-1: If xxF )( , polynomial in x then 

XDfX
Df

yp

1)]([
)(

1   

This can be applying binomial expansion 1)]([ Df and 

multiplying term by term. Sometimes the expansions are 

made by using partial fraction. 
 

Example: 

5423
2

2

 xy
dx

dy

dx

yd  

The auxiliary equation is 

 

0232  mm  

Or 0)1)(2(  mm  
1,2 m  

The roots are distinct and real. Thus
xe

  and 
xe 2

 are the 

solutions that satisfy the equation, and the solution that is not 

associated with any particular initial condition, can be 

expressed as the complementary solution. 
xx

c ec+ec=y 2

21


 

Where
1c  and 

2c  are arbitrary constants. 

The particular solution is, 

B+Ax=y p  

Where A, B are constant undetermined coefficient to be 

determined. Taking the derivative of the equation yields: 

A=y '

p
And 0=y ''

p
 

Substituting these in equation we obtain, 

    54230 +x=B+Ax+A+  

Or 54223 +x=Ax+B+A  

Equating the coefficient of x and constant term we obtain, 

42523 Aand=B+A  

Solving this we get, 

2

1
2


 =BandA  

Substituting these we obtain, 

2

1
2 x=y p

 

An expression for the general solution can be formulated as: 

pc y+y=y  

2

1
22

21  x+ec+ec=y xx , where 1c and 2c are arbitrary 

constants. 

4.2 Case-2: If
axexF )( is a constant, then

)(af

e
y

ax

p 
, 

provide 0)( af , 

Example: 

xey
dx

dy

dx

yd 4

2

2

86   

The auxiliary equation is 

0862 =+m+m  

Or    024 =+m+m  

24, 21  =m=m  

The roots are distinct and real. Thus  
xe 4

 and 
xe 2

 the 

solutions we have obtained are valid, and it is possible to 

express the complementary solution in the following manner: 
xx

c ec+ecy 2

2

4

1

  

Where
1c  and 

2c  are arbitrary constants. 

The particular solution is, 
x

p Ae=y 4
 

Differentiating the equation, we obtain 
x'

p Ae=y 44  

x''

p Ae=y 416  

Substituting these we obtain, 

  xxxx e=Ae+Ae+Ae 4444 84616  

xx e=Ae 448  

148 A  

48

1
A  
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Substituting the value A and B, we obtain, 

x

p e=y 4

48

1
 

An expression for the general solution can be formulated as: 

pc y+y=y  

Then xxx eecec=y 42

2

4

1
48

1
   

4.3 Case-3: We know that    
)()(

1

Df

e
e

Df

ax
ax     if 0)( af  

But if 0)( af , this becomes infinite and our method fails. 

Now 0)( af  means that aD  is a factor )(Df  

Therefore let )()()( DaDDf   

So that       0)( a  

axax e
DaD

e
Df )()(

1

)(

1


  

axe
DaD )()(

1




as 0)( a  

axaxaxax eee
a

e
aaD




 

)(

1

)()(

1


 

 
)()(

1

a

xe
dxe

a

ax
ax


 

 

Now differentiating both the sides 

of )()()( DaDDf  for 0)( a with respect to D. 

)()()()( '' DDaDDf    

 Putting  )(0)(, ' aafaD   

It means )()( ' afa   

 
)()(

1

a

xe
dxe

a

ax
ax


Becomes 

)()(

1
' af

xe
e

Df

ax
ax  Or axe

Df
x

)(

1
'

 

Again if 0)(' af and 0)('' af then aD  is a factor 

repeated twice and applying the above result once again, we 

get 

axax e
Df

xe
Df )(

1

)(

1
''

2  and so on. 

 

Example: 

xey
dx

dy

dx

yd
 23

2

2

 

The auxiliary equation is 

023-2 =mm   

Or    01-2- =mm  

12, 21 =m=m  

The roots are real and distinct. Thus  
xe2

 and 
xe  the 

solutions we have obtained are valid, and it is possible to 

express the complementary solution in the following manner: 

xx

c ec+ecy 2

2

1 , where 1c and 2c are arbitrary 

constants. 

The particular solution is, 

  
x

p e
DD

=y
21

1


 

Let
 

xe
D

=u
2

1



 

  xe=uD 2  

xe=u
dx

du
2  

Integrating we get, 
xe=u   

 
u

D
=y p

1

1


 

  x

p e=yD 1  

x

p

p
e=y

dx

dy
  

x

p xe=y    

An expression for the general solution can be formulated as: 

pc y+y=y , then xxx xeecec=y  2

2

1
. 

4.4 Case-4: If  ( ) sinF x x or  cos x  

Then ax
af

ax
Df

sin
)(

1
sin

)(

1
22 

  

And ax
af

ax
af

cos
)(

1
cos

)(

1
22 

  

Except when         0)( 2 af  

We know,    

axax sinsin   

axaaxD cos)(sin   

axaaxD sin)(sin 22   

axaaxD cos)(sin 33   

Similarly axaaxD nn sin)(sin)( 22   

Thus axafaxDf sin)(sin)( 22   

Operating by   
2)(

1

Df

on both sides, we get 

axaf
Df

axDf
Df

sin)(
)(

1
sin)(

)(

1 2

2

2

2
  

Or 0)( 2 af  

Dividing by )( 2af  , we get 

ax
af

ax
Df

sin
)(

1
sin

)(

1
22 

    , provide 0)( 2 af ,  

Similarly ax
af

ax
Df

cos
)(

1
cos

)(

1
22 

  

Example: 

xy
dx

dy

dx

yd
2cos23

2

2

  



 Int. J. Sci. Res. in Mathematical and Statistical Sciences                                                                          Vol.10, Issue.2, Apr 2023   

© 2023, IJSRMSS All Rights Reserved                                                                                                                                          13 

The auxiliary equation is 

0232 =+m+m  

Or     012 =+m+m  

11 =m ,     22 =m  

The roots are real and distinct. Thus 
xe

 and 
xe 2

 the 

solutions we have obtained are valid, and it is possible to 

express the complementary solution in the following manner: 
xx

c ec+ec=y 2

21


 

Where
1c  and 

2c  are arbitrary constants. 

The particular solution is, 

xB+xAcos=y p sin22  

Differentiating, we obtain 

xBcos+xAsin=y '

p 2222  

xBsinxAcos=y ''

p 2424   

Substituting these in equation we obtain, 

4 cos 2 4 sin 2 3( 2 sin 2 2 cos 2 )

2( cos 2 sin 2 )

cos 2 ( 2 6 )cos 2 ( 6 2 )sin 2

cos 2

A x B x A x B x

A x B x

x A B x A B x

x

     



     



 

Equating the coefficient of xcos2 , xsin2  and constant term 

we obtain, 

162 =B+A 026 =BA  

Solving this we get 

20

1
=A , 

20

3
=B  

Substituting the value, we obtain, 

x+x=y p sin2
20

3
cos2

20

1
 

An expression for the general solution can be formulated as: 

pc y+y=y  

xx+ec+ec=y xx cos2
20

1
sin2

20

32

21   

 

4.4 Case-5: Exceptional case of ax
Df

sin
)(

1
2

when  

0)( 2 af  

From ax
af

ax
Df

sin
)(

1
sin

)(

1
22 

 0)( 2 af  

But if 0)( 2 af , it becomes infinite and our method fails. 

Now 0)( 2 af means that 
22 aD  is a factor of 2)(Df . 

Let )()()( 2222 DaDDf  ,   such that   0)( 2 a  

aixe
Df

axiax
Df

Now
)(

1
)sin(cos

)(

1
22

  

aixe
Df

x
)(

1
2'

  

Where dashes denote differentiation in terms of x 

)sin(cos
)(

1
2'

axiax
Df

x   

Equating imaginary and real and parts then we have 

ax
Df

xax
Df

cos
)(

1
cos

)(

1
2'2

  

And ax
Df

xax
Df

sin
)(

1
sin

)(

1
2'2

  

In case 0)( 2' af and 0)(''  naf , 
22 aD  is a 

twice repeated factor of 2)(Df . Applying the above result 

once again, we get 

ax
Df

xax
Df

sin
)(

1
sin

)(

1
2''

2

2
  

And ax
Df

xax
Df

cos
)(

1
cos

)(

1
2''

2

2
  

 

4.5 Case-6: If VexF ax)( then V
aDf

ey ax

p
)(

1


  

We have on successive differentiation by parts, 

VaDeVaeDVeVeD axaxaxax )()(   

DVaeVeaVaeVDeVeD axaxaxaxax  222 )(  

VaDeVaaDDe axax 222 )()2(   

Similarly, VaDeVeD axax 33 )()(   

And VaDeVeD naxaxn )()(   

Therefore  VaDfeVeDf axax )())((   

Taking the inverse operators, we have 

V
aDf

eVe
Df

axax

)(

1
)(

)(

1


  

Thus we find that operator 
)(

1

Df

on )( Veax is equivalent 

to
)(

1

aDf 

on V taking axe outside. Therefore in practice 

take out 
axe and put aD  in place of D  and then 

find
)(

1

aDf 
as usual. 

. 

5. An Initial-Value Problem: 

The value of Initial problem, corresponding to the problem of 

determinationintegration constants of from the general 

solution of DE, replacing the variables in the solution and the 

derivatives of the solution by the given corresponding initial 

values and to solve the resulting equation for the required 

constant. 

Example: 

0127
2

2

 y
dx

dy

dx

yd
Where 1)0( y and 6)0(' y  

The auxiliary equation is 

01272  mm  

Or 0)4)(3(  mm  

4,3m  
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The roots are real and distinct. Thus
xe4

  and 
xe3

 the 

solutions we have obtained are valid, and it is possible to 

express the complementary solution in the following manner: 
xx ececy 3

2

4

1                                                            (4) 

Where 1c and 2c are arbitrary constant. 

From this we find 

xx ecec
dx

dy 3

2

4

1 34                                            (5) 

We implement the initial conditions. Implementing 

condition 1)0( y  to equation (3.4) and 6)0(' y to equation 

(3.5) we find 

121  cc ;            634 21  cc  

Solve this we find,    61 c and 52 c  

Replacing and  in Equation (3.4) we get, 
xx eey 34 56 

 
 

6. Variation of Parameters 

We consider the non-homogeneous differential equation 

)()()()( 212

2

0 xFyxa
dx

dy
xa

dx

yd
xa                                    (6) 

Assuming that 
1y  and 

2y  are solutions to the related 

homogeneous equation and are linearly independent, 

0)()()( 212

2

0  yxa
dx

dy
xa

dx

yd
xa                                           (7) 

Then we will determine the complementary function of 

Equation (7) is, 

   xyc+xyc 2211
 

Suppose that the differential equation (7) has two linearly 

independent solutions 
1y  and 

2y . Let 
1c and 

2c  be arbitrary 

constants. The method of variation of parameters involves 

replacing these constants in the complementary function with 

functions  and   respectively. Thus, the function that is 

defined by the following expression will be obtained 

       xyxv+xyxv 2211
     (8) 

The method of variation of parameters involves finding a 

particular integral of Equation (6), which gives rise to its 

name. To satisfy the condition that (8) is a solution of (6), we 

can use the two functions 1v and 2v  . However, since we 

have two functions but only one condition, we have the 

freedom to impose a second condition, as long as it does not 

contradict the first one. As we continue, we will explore when 

and how to impose this additional condition. 

We begin by assuming a solution of the form (8), and then 

write: 

         xyxv+xyxv=xyp 2211          (9) 

Taking the derivative of (8), we acquire 

1 1 2 2

1 1 2 2

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

py x v x y x v x y x

v x y x v x y x

    

 
        (10) 

We will denote differentiations using primes. At this stage, 

we will apply the second condition mentioned earlier, which 

simplifies the equation 
'

py by requiring that 

        02211 xyxv+xyxv ''
            (11) 

With this criteria imposed, (3.4.5) cuts down to 

         xyxv+xyxv=xy '''

p 2211   (12) 

Now deriving (12), we acquire 

1 1 2 2

1 1 2 2

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

py x v x y x v x y x

v x y x v x y x

   

    
    (13) 

We impose the basic criteria that (9) be a Equations solution 

(6). Thus we switch (9), (12), and (13) for 

y,
dx

dy
and

2

2

dx

yd respectively, in Equation  (6) and acquire  the 

identity. 

It is possible to express this as 

                   

                   xF=xyxv+xyxvxaxyxa+xyxa

+xyxxv+xyxa+xyxa+xyxaxv

'''''

'''''

][]

a[][

221102221

2021211101

                 (14) 

As both 
1y  and 

2y  are solutions of the related 

homogeneous differential equation (7), the terms within the 

first two brackets in equation (14) are equal to zero. 

Consequently, only the remaining terms are relevant. 

       
 
 xa

xF
=xyxv+xyxv ''''

0

2211
  (15) 

The system of equations demands that the functions are 

selected in accordance with the two imposed conditions, 
1v , 

and 
2v which is precisely what the basic condition 

necessitates. 

        02211 =xvxy+xvxy ''
, 

       
 
 xa

xF
=xvxy+xvxy ''''

0

2211
 

The system is deemed satisfied, precisely when the 

determinant of its coefficients is 

   

   xyxy

xyxyxyxyw

''

21

2121 )](),([   

Since 1( )y x  and 2y  are linearly independent method of the 

corresponding homogeneous DE (4), we know 

that 0)](),([ 21 xyxyw .Hence the method has a unique 

solution. Having established this, we can proceed to solve the 

system and obtain the solution. 
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)](),([)(

)()(

0

210

1

21

21

2

0

2

1
xyxywxa

xyxF
=

xyxy

xyxy

xy

xa

xF

xy

=xv

''

'

' 




























 

 

 

   
 

   

   

)](),([)(

)()(

0

210

2

21

21

0

1

1

2
xyxywxa

xyxF
=

xyxy

xyxy

xa

xFxy

xy

=xv

''

'

' 




























 

Thus we acquire the functions 1v  and 2v  specified by 


x

tytywta

dttytF
v

)](),([)(

)()(

210

2
1

 


x

tytywta

dttytF
v

)](),([)(

)()(

210

1
2

 

Therefore a unique integral py  of Equation (6) is specified 

by          xyxv+xyxv=xyp 2211  

Examples: 

x=y+
dx

yd
tan

2

2

 

The supporting function is specified by 

  xc+xc=xyc cossin 21
 

We assume     

      xxv+xxv=xyp cossin 21
  (16) 

The functions 
1v and

2v will be determined in such a way 

that it becomes a particular solution of the differential 

equation (16). Subsequently, we can proceed with the 

following steps. 

          xxv+xxv+xxvxxv=xy '''
p cossinsincos 2121   

We impose the condition 

    0cossin 21 xxv+xxv ''
 

Leaving           xxvxxv=xy '

p sincos 21       (17) 

From this  

          xxvxxv+xxvxxv=xy ''''

p sincoscossin 2121 

          (18) 

Substituting (17) and (18) we obtain  

    x=xxvxxv '' tansincos 21         (19) 

From the given information, we can derive two equations, 

namely (17) and (19), which we can use to calculate the 

values of  xv'

1  and  xv'

2 . 

    0cossin 21 =xxv+xxv ''
 

    xxxvxxv '' tancossin 21   

Solving we find  

  x=
xx

=

xx

xx

xx

x

=xv' sin
1

tancos

sincos

cossin

sintan

cos0

1






















  

 
x

x
=

xx
=

xx

xx

xx

x

=xv'

cos

sin

1

tansin

sincos

cossin

tancos

0sin
2

2






















 

Integrating we find 

      4231 tanlnsincos c+x+secxx=xv,c+x=xv  (20) 

Substituting (20) into (16) we have 

       xc+x+secxx+xc+x=xy p costanlnsinsincos 43 

            =     x+secxxxc+xc tanlncoscossin 43   

As a particular integral is a solution that doesn't involve 

arbitrary constants, we have the freedom to assign any 

specific values to A and B for 3c  and 4c , respectively. This 

will result in the particular integral. 

    x+secxxxB+xA tanlncoscossin   

 Thus   
pc y+y=y    becomes, 

    x+secxxxB+xA+xc+xc=y tanlncoscossincossin 21 

Which we may write as 

    x+secxxx+x+xC+xC=y tanlncoscossincossin 21 

Where, 

B+c=AC+c=C 2211
 

The above expression represents the solution of the 

differential equation in its most general form. 

7. Conclusion and Future Scope  

In conclusion, the solution of 2
nd

 order ODE with constant 

coefficients is an important topic in mathematics, physics, 

and engineering. This class of equations arises in various 

fields of study and has a wide range of applications in 

physical systems. In this article, we have provided a 

comprehensive and detailed overview of the methods used to 

solve these equations, including the characteristic equation 

and its roots, and the three possible cases of distinct and real 

roots, complex conjugate roots, and repeated roots. We have 

also highlighted the physical interpretations and applications 

of the solutions in analyzing and predicting the behavior of 

physical systems. This article satisfies as a valuable reference 

for researchers and students interested in this topic and can be 

used as a guide for solving problems in related fields. 
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