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Abstract—Graph decomposition is a partition of graph into its subgraphs. Star decomposition is the decomposition of the graph 

into stars. In this paper we define a parameter, the star number of graphs, as the minimum number of end vertices of stars in a 

star decomposition of a graph. We determine this parameter for certain fundamental graph classes. 
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I.  INTRODUCTION 

Let   be a graph. The decomposition of   is defined as the 

partition of the edge set of   into its subgraphs. Different 

types of decompositions of graphs are available in literature 

such as path decomposition, cycle decomposition, triangle 

decomposition and few papers are available in diamond 

decomposition [11]. Hamiltonian Decomposition is studied 

in [4]. A star-decomposition of a graph   is the partitioning 

of the given graph into stars (that is, K1,n). The first attempt 

in decomposition of graphs into stars seems to be done by 

Ae, Yamamoto and Yoshida in an unpublished paper titled 

Line-disjoint Decomposition of Complete Graph into 

Stars[1]. They determined that a complete graph of order 

       is  - star decomposible. Following the steps, Cain 

determined the necessary and sufficient condition for a 

complete graph on    or          vertices to be  -

star decomposible when either   is even or   is odd [2]. Star 

decompositions of graphs in different aspects can be seen in 

[8], [17], [21] and various other articles. Labeling of star 

related graphs is studied by Sunoj and Varkey [16]. 

Continuous Monotonic Star Decomposition is studied in [18] 

and [19]. Diametral path decompositions are explored in [9]. 

The star decomposition problems are said to be NP-complete 

and have a wide range of applications such as scientific 

computing, parallel computing, distributed systems and is 

similar to the famous Master-slave paradigm where the 

master is the root vertex and the slaves are the pendant 

vertices [10]. The master assigns problems to slaves and 

collects the results. It is one of the natural questions that how 

to distribute the slaves economically. A new parameter for 

graphs is introduced recently in [12], which deals with the 

end vertices of graphs in a particular path decomposition of 

graphs namely, the pendant number of graphs. The pendant 

number of graphs denoted by      is the least number of 

end vertices of paths in a given path decomposition of a 

graph [12]. Further development of this parameter can be 

seen in [13], [14] and [15]. In this context, we define and 

introduce another parameter, namely star number of a graph 

and this parameter is discussed for some classes of graphs. 

We determine the bounds for this parameter. We, in this 

paper, determine the star number of paths, cycles, complete 

graphs, bipartite graphs and few classes of acyclic and cyclic 

graphs. 

For terms and definitions in Graph Theory, we refer to 

Chartrand [3] and Harary [6]. Unless mentioned otherwise, 

all graphs we consider in this paper are undirected, finite, 

simple and connected. We have taken the convention of 

darkening the root vertices of stars to distinguish them from 

end vertices of stars in the star decomposition. If a vertex is 

already counted as an end vertex in a star decomposition, it 

remains as an end vertex even if it becomes the root vertex of 

any other stars in the same star decomposition. Section II is 

about major results in associated with star number. Section 

III is the conclusion and future scope of the work. This 

section also contains invitation for the readers to explore the 

open problems. 

II. STAR NUMBER 

Definition 1.The star number of a graph  , denoted by 

     , is the minimum number of vertices in the graph such 

that they are the pendant vertices of a star in a given star 

decomposition of the graph  . Let       be the set of all 

pendant vertices of stars in a star decomposition of  . Then, 

           |     |                            . 
 

Let   be a graph. Then, the following proposition is obvious;  
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Proposition 2.           (see Figure 1). 

 

Figure 1.  A Star K1,4. 

Proposition 3. Let      be the vertex set of a graph 

 .Then,           if and only if      (see Figure 2). 

 

Figure 2.  K2. 

Let     or   .Then, alternate vertices starting from the 

first serves as a pendant vertex (see Figure 3 and Figure 4). 

Thus we have;  

Proposition 4. 

1.         
   

 
 .  

        
 

 
 . 

 

Figure 3.  A path graph P5. 

 

Figure 4.  A cycle graph C5. 

Proposition 5.Let      be a complete graph on   

vertices.Then,          .  

Proof. Let      be a complete graph on   vertices. Let    

be a vertex such that a star is rooted at   . Then, definitely, 

all other vertices become pendant vertices for the given star. 

Thus, leaving the lone vertex    and taking all the remaining 

vertices as pendant we get,           . 

The bounds of the star number of graphs are described in the 

following result;  

Proposition 6.  

1. Let   be a graph on   vertices. Then,        

   .  

2. Let   be the number of pendant vertices. Then, 

           .  

Proof.  

1. Let   be a graph on   vertices. Since the smallest star is 

     and its both ends are pendant vertices, star number of 

any graph must be always greater than or equal to  . Again, 

in any star with n>2, its root vertex remains unaltered. Thus, 

at least one vertex can be set apart as the root vertex when 

   . Hence, maximum value of star number is    .  

2. Let   be a graph on   vertices. Since pendant vertices of 

any graph   are ipso facto belong to the category of end 

vertices, they serve as lower bound. The upper bound is 

already proved in the previous case.    

Proposition 7. For a complete bipartite graph      we have, 

          , where      .  

Proof. Let      be a complete bipartite graph with     
 . Let            be the vertices in one part and 

           be the vertices in other part. Then, the least 

number of pendant vertices is obtained in a star 

decomposition when            are taken as the root 

vertices. Hence,           .      

 

The following theorem describes the pendant number of a 

binary tree.  

Theorem 8. Let   be a complete binary tree of height  . 

Then,       
   

⌊
   

 
⌋
        

 

 
.  

Proof. There are        pendant vertices on a complete 

binary tree   of height  . Since all the pendant vertices are 

counted in the calculation of star number, the vertices on 

height     can be treated as root vertices. Eventually, the 

verticeson height     too counted as pendant vertices of 

the star. Then, the vertices on height     becomes roots 

and so on. In short, from the pendant vertices on height  to 

the root of the binary tree, vertices in all the alternative 

heights counted for star number. There will be  
   

 
  such 

heights and in each height         
 

 
 vertices are there. 

Hence,        
   

 
   

 
 
        

 

 
.  

 

An     tree is a tree all whose internal vertices have 

exactly   sons. A vertex is said to be at stage  , if its 

distance from the root vertex is  . An  -ary tree is said to be 

a complete  -ary tree if all its pendant vertices are at the 

same stage. In a similar way, we determine the star number 

of an  -ary tree as given in the following theorem.  

Theorem 9. Let   be a complete  -ary tree of height  . 

Then,        
   

 
   

 
 
        

 

 
.  
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Proof. Let   be an  -ary tree with height  . Then, the 

number of vertices  is 
      

   
. As in the case of binary tree, 

the vertices in the heights         are counted for the star 

number and the vertices of height           are for the 

root vertices. There will be  
   

 
  such values and the 

corresponding vertices in each height will be         
 

 
 

(see Figure 5). Hence, the star number is  
   

 
   

 
 
        

 

 
.   

 

 

Figure 5.  A 4-ary tree. 

A tree   is called a caterpillar, if removing of all its pendant 

vertices makes it a path (see [10]).  

Theorem 10. For a caterpillar   on n vertices,  
   

 
  

           

Proof.The number of caterpillars with     of unlabeled 

vertices can be counted as        
   

 
 
 (see [14]). Hence, a 

caterpillar on   vertices can be varied from a path    to a star 

      . These are the extreme cases of a caterpillar. It is 

already found the star number of path    and the star        

as  
   

 
  (see Proposition 4) and     (see Proposition 2 

respectively (see Figure 6). Hence, the result. 

 

Figure 6.  A caterpillar. 

The friendship graph is obtained by joining   copies of the 

cycle    to a common vertex (see [5]).  

Proposition 11. For friendship graphs    with      

vertices,           .  

Proof. Let    be a friendship graph with      vertices. 

There are   triangles whose one vertex is common to all. 

Since the star number of a triangle (that is, cycle   ) is 

 
 

 
   , each triangle has a root vertex. Take the root vertex 

as one of the vertices other than the common one.There are 

   such vertices counted for the star number (see Figure 

7). 

 

Figure 7.  A frienship graph F4. 

A pineapple graph, denoted by   
 , is a graph obtained by 

appending   pendant edges to a vertex of a complete graph 

           (see [20]).  

 

Proposition 12. For a pineapple graph   
 ,      

      
   .  

Proof. In a pineapple graph   
 , only the root vertex is 

merged to become a single root and all other vertices remain 

as pendant, its star number is the total number of vertices 

minus one, that is,       (see Figure 8). 

 

Figure 8.  A pineapple graph   
   

By the one-point union of a collection of graphs (possibly 

with different order), we mean a graph obtained by replacing 

some or all edges of a path   by some graphs in the 

collection. A pan graph is the one point union of a cycle    

and a   .  

Proposition 13. For a pan graph  ,        
   

 
 .  

Proof. Let   be a pan graph such that       be the vertices 

of    and            be the vertices of   with      . 

Then, the star number of the pan graph is one more than the 

star number of the cycle   . That is,  
 

 
    and hence, 

       
   

 
  (see Figure 9). 

 

Figure 9.  A Pan graph. 
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A wheel graph    is the join      , where the vertex K1 is 

called the hub of the wheel graph. The next result is on the 

star number of a wheel graph.  

 

Proposition 14. For a wheel graph   ,         
   

 
 .  

Proof. In a wheel graph its hub and all the alternate vertices 

are part of the star number. Thus,         
   

 
  (see 

Figure 10). 

 

Figure 10.  A wheel graph W5. 

Let                 be the set of internal vertices of a 

caterpillar   with the vertices             having degree   

and the remaining two vertices    and    having degree  . 

Then, T is called a comb graph(see [15]).  

 

Theorem 15. For a comb graph   on    vertices,       

   
 

 
 .  

Proof. In a comb graph   on    vertices,   pendant vertices 

are definitely end vertices of some stars in the star 

decomposition of   (see Proposition 6). In addition, the 

alternate vertices among the internal vertices of   are also 

end vertices of some stars and the number of such vertices is 

same as  
 

 
 . Thus, the star number of comb graph on    

vertices be    
 

 
  (see Figure 11). 

 

Figure 11.  A comb graph. 

The banana tree      is obtained as follows: Let        be a 

 - star and   be an isolated vertex. Take   copies of  - star 

and connect one pendant vertex each from these stars and 

join to  . It has      vertices and    edges.  

Theorem 16. For a banana tree     , the pendant number is 

      .  

Proof. Let      be a banana tree on   copies of a  - star. 

Then, the minimum cardinality of end vertices in a star 

decomposition is obtained by taking the roots of each star 

and the vertex   as the root vertices in the required star 

decomposition. Hence,                 (see Figure 12).  

 

Figure 12.  A banana tree B3,7. 

III. CONCLUSION AND FUTURE SCOPE 

In this study, we introduce a new concept known as the star 

number of graphs and determined this parameter for few 

graph classes, especially for trees. We propose its bounds for 

arbitrary graphs. Finding the star number of many other 

classes of graphs remains open. Comparison of star number 

with other graph parameters such as pendant number, 

domination number, diameter, path decomposition of graphs 

of length two, etc. are promising. Since star decomposition is 

NP-complete, finding the star number may help to get some 

more clarity about the nature of such graphs. 
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