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Abstract—The central aim of this paper is to introduce another generalization to the well-known integral from the class of
exponential integrals. For a better understanding of the main result presented here. the knowledge of elementary integrations of
continuous functions, definite and indefinite integration, the Concept of Mathematical Induction, and Basic Algebraic
Manipulation are pre-requesting. Further on the basis of providing generalization, authors also give some applications that can
show the generalization’s versatility, such as alternative proofs of the properties of Laplace Transform, Integration of e”ax sinbx
and e”ax cosbx etc.
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1. Introduction

In the papers [1][2] Toyesh have dealt with the generalization of [ e*(f(x) + f'(x)dx = e*f(x) + ¢ this generalization is one

of popular integral form from the class of exponential integral and almost every student of mathematics has understood it in
his/her intermediate mathematics book like [3]. The main result provided in the paper [1] is given below with an alternative and
short proof

Theorem for n € H.

[ (f{x]—{ P ]dx_g Z{ L
Proof

Asf e*(Flx) + f'(x))dx = e* fx) + ¢, And alsof * (f'(x) + F"(x) Jdx = & f'(x) + ¢, Subtracting of both gives
[ (r@ + pe)ax - [ (76 +£60)dx = o*£G) — *FG 4 — s
= [ (r@ - 1 @)ax = () - ) 4 ¢
Using [ e*(f(x) + f'{x) )dx = e* F(x) + ¢, we can say that for £ (x)
jer{f”{x] -I—f"”{x]}dx — e‘rf”{x] +c,
Now, addition of [ &*(f(x) — F"(x) Jdx and [ &*(f"(x) + F" (x) )dx gives
[ (£ - pr@)ax + [ o (570 4 7760 )ax = *(F ) — ) + &*F7) + 05 + ¢
= [ (7 + £70)ar= (7 - ) + 77 + €
similarly, [ e* (£ (x) + F""(x) Jdx = ¢* f""(x) + c, and subtracting it with the above equation gives
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[ (7@ + Fr@)ax - [ (70 + £ (0)dx = (76 — £G4+ 77G)) — X F7C) +C — s
= [ (76 - 7 @)dx = (£ - £ + F7) — F"0D)) +

Using the above method for nth order derivative of f{(x} we can say that

[e (f{x] - ‘fi{j‘]]dx = e (fr.:xJ CFG PG — ) e (D

ﬂ’ it r.].f{x]
I (f(.r]—( o — ]n’x-aZ( Dt ——

With following similar proof one can also prove

J‘g'r (f{x] —d:,‘i{:])dx: —Q'Iiw+c

ﬂ"_rh.—l

a1 f(x)
’ dxn-t ]+C
Or

And this theorem was published in [2].

2. Overview

This paper contains the following sections and subsections.
Abstracts and Keywords
1. Introduction: in this section author briefly discuss meaning of the title and basic knowledge required.

Overview: in this section we can observe content of the paper.

Related Work: this section deals with the published work related to the main title.

Methodology: this section deals with explaining the method followed by authors for obtaining results.

Main Result: this section is the main section which carried new theorems, work, etc

Applications: this section deals with well-known problems and solution in short manner with apply introduced
method.

5.1. Application in obtaining formulae for [ e®* cos ba dx and [ e®* sin bx dx

5.2. Application in obtaining formula of £ f®(x)}.

5.3. Application in obtaining Toyesh’s Generalizations.

5.4. Application in obtaining Formulae for sine and cosine functions.

7. Open Problem: in this section there are some open problems for renders to found and further discussion.

8. Conclusion: this section deals with users of introduced method, further scope of the method, and summary of the
work.

Acknowledgement

References

Authors Profile

IS

3. Related Work

An open problem asked in [4] and [5] was “Does there possible some other generalization for [ e*(f(x} + f'(x)}dx ?” and
“Does there possible some other generalization for [ e=*(f (x) — f'(x)dx 2”. The answer to this problem was first given in [6].

Now, this paper will also deal with the solution to the problem and other than it the purpose of this paper combines both [1][2]
which we can observe in application section respectively.

4. Methodology

The methodology followed for obtaining results contains a pack of various mathematical concepts like Mathematical Induction,
Integration by parts for elementary functions, algebraic manipulation and substitution, observing pattern is very essential and on
the basis of them in further sections author provide the main generalization and for further rechecking authors also proved some
well known results from integral calculus and Laplace transform using their formula which is sufficient for saying the given
main result is working nicely.
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5. Main Result

We will look toward generalization by proving some new theorems and after it by using normal observation and concept of
induction, stated main theorem respectively. So, we’ll start with theorem 5.1.

Theorem 5.1.
j e (af (x) + fl(x)dx =& flx) +¢

Proof:
Applying integration by parts in [ &* f(x)dx then,

je”f{x]d.r=f{x]je”dx— J‘(%J‘g”m) dx

ax J-
= J‘ g™ flxldx = %f{x] _EJ‘ g™ f1lx)dx e vre v (1)

= [empar+ = [empioar=""p0) 4
=~J‘e“(f{x] + @)n‘x =9Tf(x] tc
= J‘e”(nf(x] + flixddx = e™flx) +¢

Hence prove.

Theorem 5.2.

J“gcx (ﬂ:f{x] —fl{.ﬂ:l dy = ng.:xf{x] _ e?':xfr{x] +c
Proof:
By applying integral by parts in (i),

:J‘g”f(x] dx :gﬂif(x] —E(f’{x][e”n’x— J‘(d}:m fgﬂrdx)dx)

X

= fe”f(x] dx = ij{.r] —E(ij'{x] - f:if"ir]dx] dx
= [ rwar =0 - Top e + [ e

Now, multiplying &= on both sides,

j ate®™ flxldx = ae®™flx) — ™ f'(x) + J‘ e ' (x)dx wv v von (i)
= J‘ g™ (n:f{.r:l —f'{x]) dx = ae™ flx) — e™f'(x)+ ¢

Hence prove.

Theorem 5.3.
Je™ (a®f(x) + " (x) )dx = a®e®* fx) — ae®™f (x) + ™ f"(x) + ¢

Proof:
By applying integral by parts in {ii},
j ate™ flxldx = ae™ F(x) —e™ F(x) + J‘ e " (x)dx
n‘l PP
= [ e pax =aemr0 —om 0 4 (1o [ ommax - [ (L2 [ ammar ) ax) 4.

X

= f ate®™ flxldx =ae®™ flx) — ™ f'{x) + (%f" (x)— f_f"”{.r] TJ dx+¢
Now, multiplying @ on both sides,

J‘nge”f{x]dx = a’e™f(x) — ae®™ f'(x) + e f (x) —J‘e?”f’"{x]dx+ (=R 11
= J‘ e™ (@® flx) — £ (x) )dx = a®e™F(x) — ae®™f'(x) + e™f " (x) +¢

Hence prove.
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Theorem 5.4.
J"gr.'x {ﬂif{x] _ f""{.r]}d.r — ﬂ!gﬂxf{x] _ ﬂ: gEIf’{x] + na”f"{x] _ gr.'xfrrr{x] + c

Proof:
By applying integral by parts in (iii),
!gr.'.'t‘jp{x]dx = ﬂ:gcxf{x] _ ﬂécx ff{x] + gr.'xjprr{x] _J‘ glzl‘jpf”{x]dx_l_ c

n‘l FFy
:Jjn!e”f{.r]n’x =ﬂ:9EIf{JI] _ﬂgcxfr{x] -|—g':rf”{_r:| _(frrr{x]J‘g:xdx_J‘( fdjx][gcrdx]dx]_l_c
=~;J‘ e flxldxy =a®e™ flx) — ae®™ f'(x) +e“f'(x]—(f"’tfx]%
Now, multiplying a on both sides,

JEEIf{I]ﬂ’I = ﬂ! e?”f{.r] _ H:EEI f”.‘l:" _|_ ﬂgcrf'{x] —f"r{.r]e':r + J‘ e“rf""{x] n’.r+ c

- J‘ :jf"" ':x]rix) dx+c

— J‘ EEI {nif{x] _f""{x] }n’x— a FEIf{I] —a° gclf {.1':] + ngcrfll{x] r.'xfrrr{x] +c

Now by observing above theorems and by induction we are presenting main generalization i.e.

Generalization
If n 1,234 ......then,

gl | gn n a” — g% N n—kp_ ;"‘Ld-ﬁ_]‘—._L-I-c‘
[ e (a0 - =10 L) = oo ) anob(-pyer LD

dat-

k=1
6. Applications
6.1 Application in obtaining formulae for [ ®* cos bx dx and [ €®* sin bx dx

Theorem 1.
ax

J‘e” cosbxdx = (o coshbx +hsinbx) £+ C

ﬂ: + ||_':|:
Proof
From the above proved theorem we have

d" . k-1
j ( "Flx) - (-1 f{x])n’x:gﬂzﬂn—k {_'L]FC—L%_I_E

k=1
d- d
o0 422)..
Consider f{x} = cas bx then, ﬁf(x] = —bsinbx and :T_:f{x] = —bh* cos bx SO,

Let n = 2 then,

J‘ ¢?*(a® cos bx — (—b° cosbx)) dx = e°*(a cosbx — (—bsinbx)) + ¢

(a® + b%) J‘ g™ cosbx dx = ™ (@ cosbx + bsinbx) + ¢

ax

=] T
J‘re‘“ cosbhxdx = T (o cosbx + bsinbx) + = 1 b2
As a, b, ¢ are constants then Ty is also a constant that we can named as £, then
ax

{ocoshbx +hsinbx) +C

je” cosbxdx = — .
a= + b°

Theorem 2.
ax

J‘e” cosbhrdx = — o (o coshbx +hsinbx) £+ C
a2 7

Proof
From the above proved theorem we have
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n Ff{x] ax N n—k {_1k- dk_]-f{'r]
J‘ ( "flx) —(-1) )n’x=g Zn (-1) LF-I-E

k=1
d- d
e - L2422,
Consider f{x) = sin bx then, if{x] = beosbx and ;T_:f{x] = —b* sin bx S0,

Let n = 2 then,

e™*(a® sinbx — (—b* sinbx)) dx = e™* (asin bx — b cos bx) + ¢

(a® + IJ:]J‘ e sinhx dx = e (g sinbx — beoshx) + ¢

ax

c
inbx — b b - -
{n sin bx Ccos x]+n-+b-

J‘e‘“ sinhx dx = — -

. o= + b

As a, b, ¢ are constants then Ty is also a constant that we can named as ¢, then
ax

e ginbx dx = (asinbx — beoshx) + €
o

:+I[J:

6.2 Application in obtaining formula of £{f™ (x)}
This is a property of Laplace transform and one can see itin [7].
Theorem 3.
LY, = p Lf (Y, —p"H0) — p"F () — = pfm20) - £77H0)
Proof
Considering @ = —p in the generalization we have obtain also putting lower and upper limits be zero and infinity then

J:c E7_;'1’(':_1] "flx) — (=107 r'_f{x] dx = [Q‘MZ{ Pk (1) d* Lf':x]L

dxR-t

R A d;';f_ﬁ]n

= [ empwax- [ oo 4O = [ez pﬂr
o o k ]

dx™

From the definition of Laplace Transform we have £{f (x)}, = [;” e ~P*f(x)dx then

n dnf{x] — -px : n—k dR_L-f{x] i
P L{f'if—r]}_a—f«{ e } =—|e” ZLP FL
n dﬂf{x] — . -px N n—k dk_Lf{'ﬂ N n—k dR_Lf{x]
p"L{f ()}, —L‘{ o }ﬂ =~ lim ¢~ ;p F+(;P F)D
As lim &7 e

prEF ), —L{d 'f{"]} = PP + " (0) 4k pfP2(0) 4 FHO)

dx™
d"flx)
- L{ dxm

} = L{f* (x)} = p"Lifla) }, —p"F(0) — p™ 7 (0) — - — pf™ 2 (0) — P H(0)
P
Hence prove
6.3 Application in obtaining Toyesh’s Generalizations.

In 2020 and 2021 Toyesh gave his generalization as follows
Toyesh Generalization for n € M

r" n‘lh—].
J‘ (f':x]—': " f{x) dx = & Z': 1)k xf{f]-i_ﬂ

And
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B d"f(x) LA
J« (ﬂx]— f)x= e ) e

Proof
Putting @ = 1 in the obtained generalization above gives

[ (f{ﬂ—{ 1 ”f{"]x_gzﬂh{ e

dx k-1
an r.—].
=je‘r(f'ix)—':—l] f{x)dx—e Z( J.:I"L - f{fj +e
This result was obtained by Toyesh Prakash Sharma [1][4] while on the other hand for @ = —1 we can obtain
i" n‘lh—].
[ (c0mp0 —c0r L) ar = -IZ{ prrepim L
qr 1
= o [ex(re0 - =L L2)ax = g-r;<—-13'ﬂ-L'-'k-L' S L
T VLG A WS o by (€5
= (1) [ (f{x] o ]dx_g (—1)n-t ZL — e
" flx) LA ()
J‘ (f{x] e )dl':—g ZF-'_C

This result was obtained by Toyesh Prakash Sharma [2][3].
6.4 Formulae for sine and cosine functions.
Theorem 4:

If p = 1,2.3,4 -~ then
P f'ix]

J‘custf{x]—{ l.] }dx_bEDSI-I-HSI.ﬂx-I-l:

And
Ffx)
dxlp

J‘ sinx {f(x] - (- J.]

Where, u = (f(x) — F2 () + (F* () — F2()) +
And v = (1) - PG + () — 7)) + -

}n’x—bsmx—ucusx +

Proof
As the proven generalization is

n n E-1

dx™ y dxk-1
=1

For a=—i and n=2p
we can obtain

] 2p -7 i i n‘l;.'—l

k=1

F ) = Tk L
d ({ 1Pfl) - f{x]]dx = E'IZ P — (15 —:f{'r] t+c

:J‘ R=L i dx k-1
p dF1 ()
:ujg ( df{x]] I_EIIZ{ L‘]ﬂ r.{ L]h—]. k o ":FL +r
2p ] p dr 1
-]« (*f e Y=t
k=1
Using Euler’s ldentity % =cosx +isinx

then
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- -7 E-1
J‘{cusx-l- sin x) ({ P flx) — xf?]] dxr =(—1)P"cosx + i smx]zL ddth_{x]+c
Now,
2p - Ciflx ) + P ) +
3l FO [ 5 + 550 + 7500 + 577 () +
= n’:r"'l' i‘?fB{x:] +:_-J.Df9{x:] +ELLfLD|:I:I +EL:fL!{x] +

PG — ) —ifS00 + £700) +
— W) -0 + R0 +

(‘ FG) - 10 — i) + PG + )

) ::{{f{x]—f:{x]}+{f‘“{x]—fﬁ’{x]}+---}
T @ -+ (@ - @)+ )
Consider u = (f(x) — F£0)) + (F4 ) — FFG)) +—andv= (F ) - )+ () - 7)) +

Then
Ip .
. n'lr.—].f{x] B )
Z_LL F = —v+iu

Now,
J‘(n:n:nsx+ sin x) ({ 1P flx) — xf?])dx—( 1P Heosx + isinx}—v +iu) + ¢

=‘J‘EDSI{{—1]?f{X] dlf{x]}dx+ J‘smx{{ 1P fx) — ﬂf{x}}n’x

= (—1)Pilu cosx —vsinx) — (veosx + usinx)] + ¢

=[msx{( VPG — Zf{x]}dx+ [smx{{ DPFG) — ﬂf{x}}n‘x

=(—1)P(vecosx +usinx) + i —1)P ucosx — vsinx) + ¢

On comparing real part with real and imaginary part with imaginary we can say that

J‘cnsx{{ 1P flx) — dx =(—1)P({vcosx + usinx) + C

And

xf'?x:l} dx =(—1)P(vsiny —ucosx)+ C

J‘smx{{ DPFlx) —
With multiplying {(—1J¥ on both sides gives

Where,u = (f(x) — £ () + (4 () — £5 () + -
and v=(F 00— F20) + (F50) — £ +
”f{xJ

ftusx{f{x]—{ 1)P e }d:r—{bu:u:usx+usmx:l+ﬁ'

And
J‘Smx{f{x] —(-1F df{x]}dx=vsinx—ucnsx +C

Hence prove.
7. Open Problems

Some open problems are as follows: -
1. Prove the main generalization without using induction.

2. Does there possible some other generalization for
A f(x)
J‘ g™ (n“f{:f:] — (-1 Ax™ ]n’x

© 2023, IISRMSS All Rights Reserved 7
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3. Does main generalization can connect with Taylor series?
4. Like 5.4" application can we further introduce some other theorems for some other functions rest of sine and cosine
function?

8. Conclusion and Future Scope
The purpose of the paper is to introduce another generalizations of [e&*(f(x) + f(x)dxand [ e *(f(x) — f'(x)dx other

than the generalizations presented in [1][2] authors have successfully fulfill the purpose of the paper and provided new
generalization after applying novel integration techniques such as substitution, Integration by parts and others. Further authors
also provide applications of the main result that shows the versatility of the formula respectively. For further scope one can think
about some other applications of the mail result, also one can pile the problems based on the given generalizations, one can
thinks for giving answer to the above provided open problems.
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