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I. INTRODUCTION

In this section, we give a short survey of the study of
finding weaker forms of commutativity to have a
common fixed point. In fact, this problem seems to be of
vital interest and was initiated by Jungck [5] with thein
troduction of the concept of commuting maps. In 1982,
Sessa [11] introduced the notion of weakly
commutativity as a generalization of commutativity and
this was a turning point in the development of Fixed
Point Theory and its

applications in various branches of mathematical
sciences. To be precise, Sessa [11] defined the concept of
weakly commuting by calling self maps maps A and B of
a metric space(X, d) a weakly commuting pair if and
only if

d (ABx, BAx ) <d( Ax, Bx),

for all x € X .Further to this other authers gave some
common fixed point theorems for weakly commuting
maps [1,3, 4]. Note that commuting maps are weakly
commuting, but the converse is not true .

In 1986, Jungck [5] introduced the new notion of
compatibility of maps as a generalization of weak
commutativity. Thereafter, a flood of common fixed point
theorems was produced by using the improved notion of
compatibility of maps. Later on, Jungck [5] introduced
the concept of compatible maps of type (A) or of type
(), Pathak et al.[2] introduced the compatible maps of
type (B) or of type (8), type (C) and type (P) in metric
spaces and using these concepts, several researchers and
mathematicians have proved common fixed point
theorems. Recently, Cho et.al, [1] introduced the notion
of compatible maps of type (A) in non-Archimedean
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Menger PM-spaces and proved some interesting results.
In this direction, a weaker notion of compatible maps,
called semi-compatible maps, was introduced in fuzzy
metric spaces by Singh et. al. [12,13]. In particular, they
proved that the concept of semi-compatible maps is
equivalent to the concept of compatible maps and
compatible maps of type (a) and of type () under some
conditions on the maps.

In this paper, attempts have been made to introduce
weak-compatible and reciprocally continuous maps in
weak non-Archimedean Menger PM-spaces Here, we
also present the concepts of compatible maps of type (A
- 1) and (A-2) Afterwards, Jain et. al. [6,7] proved the
fixed point theorem using the concept of weak compatible
maps in Menger space.

II. PRELIMINARIES

Definition 1. A distribution function is a fction ,F: [ —
w,0 ] — [0,1] which is left continuous on R, non
decreasing and F(—) = 0, F(+0) = 1.If X is non empty
set, F: X x X — A is called a probabilistic distance on X
and F(x,y) is usually denoted by Fy,

Definition 2. Let X be a non-empty set and D be the set
of all left-continuous distribution functions. An ordered
pair (X, F) is called a non-Archimedean probabilistic
N.A. PM-space) if F is a
mapping from XxXxX into D satisfying the following
conditions (the distribution function F(u,v,w) is denoted
by F forall u, v,w [] X) :

metric space (shortly a

u,v,w
(PM-1) Fu,v,w(x) =1, for all x >0, if and only if at

least two of the three points are equal;
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(PM-2) Fy v w=Fuwy =Fwvu

(PM-3) F 0)=0;

u,v,w
(PM-4) If Fu,v,s (Xl) =1, Fu,s,w(xz)
=1 and Fs,v,w(x3) =1
then Fu VW (max{xl, X9, x3}) =1

for all u, v, w,s ] X and X1, Xp, X3 >0.

Definition 3. A t-norm is a function A : [0,1]x[0,1]x[0,1]
—[0,1] which is associative, commutative, non-
decreasing in each coordinate and A(a,1,1) = a for every
all [0,1].

Definition 4. A N.A. Menger PM-space is an ordered
triple (X, F,A), where (X, F) is a non-Archimedean PM-
space and A is a t-norm satisfying the following
condition:

(PM-5) F,,, (max{x,y.z}) = A (Fyys (%),

Fusw(¥)s Foyu(y)
For all u,v,w,s [0 X and x,y,z>0

If the triangular inequality (PM-5) is replaced by the
following

(WNA) Fu,v,w (x) = max{Fu,v,s (x) , Fu,s,w (x/2) *
Fu,s,w (x) Fs,v,w

x/2) *  Fs,v,w (x), Fu,v,s, (x/2)}, for
allx,y,z Xandt>0,

then the triple (X, F, *) is called a weak non-
Archimedean Menger probabilistic metric space (shortly
Menger WNAPM-space). Obviously every Menger
NAPM-space is itself a Menger WNA-space (see Vetro
for the same concept in fuzzy metric spaces).

Remark 1. Condition (WNA) does not imply that
Fu,v,w (x) is nondecreasing and thus a Menger
WNAPM- space is not necessarily a Menger PM-space.
If F u,v,w(x) is nondecreasing, then a Menger WNA-
space isa Menger PM-space.

Remark 2. Recall that a Menger space is also a fuzzy
metric space, for more details see Hadzic [14].

Example 1. Let X = [0, + ©), a * b = ab for every a, b
0 [0, 1]. Define Fx,y(t) by: Fx,y (0) =0, Fx,x (t) =1
forall t>0,Fx,y(t)=tforx#y and O0< t<1, Fx,y
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M =t2forx# yand 1 <t <2, Fx,y (t) =1for x #y
and t> 2.

Then (X, F, *) is a Menger WNAPM-space, but it is not
a PM-space.

We recall that the concept of neighborhood in Menger
PM-spaces was introduced by Schweizer and Sklar [10]
as follows;

If x 00X, ¢>0and 000, 1), then an (¢ ,[J )-
neighborhood of x, Ux (e, [J) is defined by

Ux (&,00 )={yD X:Fx,y(g)>1-0}.

If the t-norm * is continuous and strictly increasing, then
(X, F, *) is a Hausdorff space in the topology induced
by the family {Ux (¢,01 ) : x [0 X, €>0, OO0, 1)}
of neighborhoods.

Let Q = g{ such that: [0, 1] — [0, + o) is continuous,
strictly decreasing, g(1) = 0 and g(0) < + «}.

Definition 5. A Menger WNAPM-space (X, F, A) is
said to be of type (C)g if there exists a g [] Q such that

8Fy g 20) < Fy y o)+ e(Fy o

A0)+2(Fy o ,0)
forallx,y,z, a0 Xandt >0, where Q= {glg:[0,1] —
(0,00) is continuous, strictly decreasing, g(1) = 0 and g(0)
<o }.

Definition 6. A Menger WNAPM-space (X, F, * ) is
said to be type (D)g if there exists a g [0 Q such that
gA(t* th* t3) < g(ty) + g(ty) + g(t3)

for all tl, t2, t3 0 [0,1]

Remark 3.
1. If a weak WNA Menger PM-space (X, F, *) is
of type (D)g then

(X, F, A) is of type (C)g.On the other hand if (X,

F, *) is a WNAPM-space such thata * b >
max[a+ b — 1,0] for all a,b [0,1], then (X, F, *) is

of type (D)g For g Q defined by g(t) =1-t,t>0

Throughout this paper, even when not specified (X, F, *)
will be a complete Menger WNAPM-space of type (D) g

with a continuous strictly increasing t-norm A.

Let [ : [0, 400) — [0, ) be a function satisfied the
condition (D) :

(D) [J is upper-semicontinuous from the right and
0o <t forall t>0.



ISROSET- Int.J.Sci.Res. in Mathematical & Statistical Sciences

Lemma 1. If a function (][] : [0,+ o) — [0,+0) satisfies

the condition (®), then we have

1) Forall t>0, lIm 0%t = 0, ™) is n-th
n—soo

iteration of [1[1(t).

2) If {tn} is a non-decreasing sequence of real

0(t), n=1,2, ... then lim ¢ =

n—oo

<
numbers and the] <

0.
In particular, if t <[] (t) for all t > 0, then t = 0.

Definition 7. Let A, S : X — X be mappings. A and S
are said to be compatible if
g(FASX SAx (t)) =0forallt>0, al] X, whenever

{xn} is a sequence in X such that
Ax, = Sx, =zforsomezinX.

The notion of reciprocal continuity was defined by Pant
[15] in ordinary metric space. Now, following the same
line, we introduce reciprocally continuous maps in
Menger WNAPM-spaces.

Definition 8. A pair of self-maps (A,S) of a Menger
WNAPM-space (X, F, *) is said to be reciprocally
continuous if g(FASX Az (1) 00 and g(FSAX s2(©) 00

for all t > 0, whenever there exists a sequence {x,} in X
such that Ax, [J z, Sx, [] zfor some zin X asn (][],

If A and S both are continuous, then, they are obviously
reciprocally continuous but the converse generally is not
true .

Proposition 1. Let A and S be two self-maps of a
Menger WNAPM-space (X, F, *). Assume that (A, S) is
compatible and reciprocally continuous, then (A,S) is
weakly compatible .

Proof. Let { x, } be a sequence in X such that A, — z

n

and SXn—> z since the pair of maps (A, S) is reciprocally

continuous, then for all t > 0, we have lim g(F ASx °
n—o n

2 (©) =0 and TIM g(Fgp s, ©)=0

suppose that (A, S) is compatible and reciprocally
continuous, then, for t > O, have

1111_{2 2(Fpsx > sAx, () =0 forallx, 0 X

Then we get

g8Fpgx »5: (D) <g8Fpgx »sax D)
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+ g (Fgax > sz (),

And so letting n — +oo ,we obtain

Iim g(FASXn, s, (1)=0 thus ,A and S are weak

n—oeo

compatible.

Naturally, we can define the concept of compatible
mappings of type (A-1) and type (A-1) in Menger
WNAPM-space is as follows.

Definition 9. Two self-maps A and B of a Menger
WNAPM-space (X, F, *) are said to be compatible of
type (A-1) if, for all t > 0, lim, ., g(Fapy sy (1) =0,

whenever {x,} is a sequence in X such that Ax,, Bx, — z
for some z [1 X as n — +oo.

Definition 10. Two self-maps A and B of a Menger
WNAPM-spac ( X , F, *) are said to be compatible of
type (A-2) if, for all t > 0, lim,-, g(FBAX AAy () =0,

whenever {x,} is a sequence in X such that
Ax,,Bx, [1 zforsomez [] X.

In the following proposition, it is shown that the concept
of compatible maps of type (A-1), type (A-2) and if A and
B compatible maps of type (A) then the pair (A,B) is
compatible of type (A-1) as well as type (A-2).

Proposition 2. Let A and B be two self-maps of a
Menger WNAPM-space (X, F, *). If (A,B) are compatible
of type A then they are weakly compatible.

Proof. To prove let { x, } be a sequence in X such that
Ax, , Bx, — z for some z in X, as n — +o and let the
pair (A, B) be compatible of type (A). we have

lim g(F g, . ggx () =0and
n—oo n n

lm gFg ., aay ©)=0
g(Fasy »Bay (U) < g(Fany ey (0)  + g(Fspy Bay

®),

letting n — 40, we have

g(Fapy »Bay (D) g=0forallt>0

Thus ABx, =BAx, and we get (A, B) is weakly
compatible .Using similar arguments as above, the reader
can easily prove the following result.

3
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Proposition 3. Let A and B be two self-maps of a
Menger WNAPM-space. If the pair (A,B) is weakly-
compatible and reciprocally continuous and {x,} is a
sequence in X such that Ax,, Bx, [J z for some z [ X as
n [J +0[], then ABz = BAz.

Proof. Suppose {x,} is a sequence in X defined by
Xp=2z,n=12, .. and Az = Bz.

Then we have,

Axn,an—>BZ as n— oo [J
Since (A, B) is weakly compatible , by triangle inequality
&(Frpx BBx ()= &Frpx B, (D) + &Fp, ppx 1)

Since BAXn — Az and AAxn — Az

asn —

then g(FTBX ,BZ (t)) =0 and g(FBZ ,BBX (t)) =0

0 g(Frpx BBx (1) =0
a gFrg, BBz =0
i.e. BAz = AAz. (1)

Similarly, we can have

ABz = BBz. (2)
Hence, by (1) and (2), we have
ABz=BAz=AAz=BBz

Before proving our main theorem, we need the following
lemma .

Lemma 2. Let A, B, L, M, S and T be self-maps of a
complete Menger WNAPM-space (X, F, *) of type (D),,
satisfying

@i) L(X) [0 ST(X), M(X) [0 AB(X);
(ii) forallx,y [J Xand t> 0,
g(FLxmy(t)H
[ (max { g(Fapx.siy(0)>2(Fry aBx(1),g(Fym

ysy®) Valg(Fapxmy(D)+8(FLx, sty
(1),

where the function [ : [0,+) [ [0,+0) satisfies
the condition (®)

proof: Let X [ X Then the sequence {y,} in X,

defined by
LXZn = STin_’_1 =Yop and ABX2n+1 -
Mx9040=Yopy1 forn=0,1,2, .., such that
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g(Fy y ®)=0 forallt>0 isa Cauchy sequence in
n’/ n+l

X. If is not a Cauchy sequence in X, there exist £> 0, t >
0 and two sequences { m; },{ n; } of positive integer such
that,

(a) m;>n;+ 1 and n; —o0 as i—o0
() By g (0) <1-gand By i (0)> 1-50

i=123...
Thus, we have
g(l-e) < g(Fypy sy (0) < &(Fypy .
)+ (B 1 ()

<Py .y 1 (0) +g(1-
€ )
And letting i — +o0, we get
gF . o W) = e & )
3
on the other hand, we have
g0 ) < gy o )= 2By o o)+ a(Fyp
1o, (0) @)
Let us assume that both m; and n; are even, By contractive
condition (ii),we get
&(Fu sn 1 (0) = &(Fugy g o1 (1)
<@(max{g(Fapx,sy(1)
»2(FLx aBx (1), 2(Fyy,s1y(0). V2 2(F A my(D) +2(Frx sTy(t)11),
that is
&Py et @) < o(max{gFypy 1y (0). &Fyy
m @) . gBy e 0 @) b
Fymi— onl (t0)) +g(Fyni vm, (toN1}),
putting this values in (6), using (5) and letting i — +o0, we
get

g(l-g ) < o(max{g(l-g ),0,0g(1-¢p}) =o{g(l-
& )} <g(l-g)

a contradiction. Hence {y,}is a Cauchy sequence in X.

II1. MAIN RESULT

Theorem 1. Let A,B,LM,S and T be self-maps of a
complete Menger WNAPM-space (X, F, *) of type (D),
satisfying
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(1.1) L(X) [ ST(X), M(X) [0 AB(X);
(1.2) forallx,y [] Xand t> 0,

g(Fomy () O U (max{g(Fapxsy (1), g(Frxasx,
(), g(Fmy,sty (D),

Y2 [g(Faxmy (D) + g(FLisy (O},

where the function [J : [0,+1) [J [0,+1) satisfies
the condition (®).

(1.3)  AB=BA,ST=TS,LB=BL, MT=TM,
(1.4) the pair (M,ST) is compatible.

If the pair (L,AB) is weakly-compatible and reciprocally
continuous, then A, B, L, M, S and T have a unique
common fixed point.
Proof Letxy U X

From condition (3.1.1)  [J[1 xq, X5 [J X such that

Lx; =STxy=y; and Mxy=ABx| =y
Inductively, we can construct sequences {Xn} and {yn} in
X such that

(1.5) Lxy, = STX2n+l = Yon and Mx541 =
ABXop12 = Yon+1

forn=0,1, 2, ....

We prove that g(F (t))=0for all t > 0.

yn’yn+l
From (1.4) and (1.5), we have

F t)) = g(F t
&l Yanr Yansei ) =g( Lx,» Mx,, )

sHmax{g(Fapy | STx

2n+1

(®), g(FAszn, Lx,, ),

F 1)),
& STX, .10 MX2n+1( )

l/z(g(FABXQn, MX2n+1(t)) +
g(FSsznw Lx,, oNH

= D(max{g(Fyzn_l,yzn (), g(Fy
(t))’ g(Fy2n’ y2n+l (t)),

2n-1’ y2n

Vle(Fy y () +g())) < Dlmax{gBy 1y (©),

F t)),
g( y2n’ y2n+l ( ))

VleFy oy ) +eFy O,

1’ y2
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If gF (t) forallt> 0,

t) < gF
y2n-l’ y2n ( )) g( y2n’ y2n+l
then by (1.4)

() < DO0gF ®)),

F
g( y2n’ y2n+l y2n’ y2n+1

on applying Lemma 2, we have

g(F ) =0 forallt>0.

Yo Yone1

Similarly, we have

g(F (t)) =0forallt>0.

Yonsr» Yons2

Thus, we have

g(F (t)) =0 forallt> 0.

yn’ yn+l

On the other hand, if g(Fy (©),
2n

) = gF

-1’y2 y2n’y2n+l

then by (3.1.4), we have

®) <0 (g(Fy (t))) forall t> 0.
2n n

F
g( y2n’y2n+l -l’y2

Similarly, g(F ®) <0 (gF (t))) for all

y2n+1 ’y2n+2 y2n’y2n+1

t>0.

Thus, we have

g(Fyn’yml
=1,2,3,....

1) < O(g(F (t))) forallt>0 and n
yn-l’yn

Therefore, by Lemma 2,

g(Fyn’ yn+1
is a Cauchy sequence in X by Lemma 1.
Since (X, F, ) is complete, the sequence {yn}

(©)) =0 for all t > 0, which implies that {yn}

converges to a point z [J X. Also its subsequences
converges as follows :

(1.6){szn+1}—> zand{STX2n+1} — Z,
(L7){Lxy,} — z and {ABx, } — z

Now since the pair of maps (L, AB)is reciprocally
continuous, therefore, we have g(Fy, ABx, , Lz t) —» 0

and g(F ABLx, , ABz (1)) —0 as n—+o0.

As (L, AB) is weakly compatible, so by Proposition 3,
we have

L(AB)x2n — ABz. Thatis ABz=1z

Putting x = ABx,, and y =x,,,¢ fort>0 in(1.2),

we get
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8FpABx, Mx, , () = [ (max{g(FApaBx STx,
),
+1

1

(), FApaBx, , LABx, ) &FsTy  Mx

72(eFABABx, , Mx,,, ) * &gty
ONH.

Letting n —oo, we get

LABX2n

n+1°

g(FABz,z ) <
), g(F, , )

- (max{g(FABz,z ®), g(FABZ, ABz
Vae(Fop,, , ) +&(F, ap, O)D).

ie.  eFap,, )= (eFap, , (0)
which implies that g(F ABz.z(1) = 0 by Lemma 2 and so
we have ABz=z

Putting x=z and y=x,,,; fort>0 in(1.2), we get

gFrymx, (0= Hmax{g@Fpp, g1y (1) 8Fpp,
’ n+ ’ n+ ’
Lz s gFsrx  wMx. O, Y2(€Fpp, Mx. O+
2n+1° 2n+l1 ’ 2n+1
F t .
g( STx, . Lz oNH
Letting n - , we get
e(F,, )< [(max{gF, , ©), &F, 1, ), «F, ,
) Ya(EF, , O)+gF, 1, ON)
ie. gFyp,, )< T(@EFL,, ®)
which implies that g(FLZ ; (t)) = 0 by Lemma 2 and so
we have
Lz =1z
Therefore, ABz=1z = z.

Putting x =Bz and y=x,,,¢ fort>0 in(1.2), we
get

gFr g, Mx, 1(t))SE(max{g(F ABBz,STx, 1(t)),g(F AB

> n+ ’ n+
Bz LB &FsT  Mx,  (0)-2(e(FaBB,, mx, (O
+ g(FSsz .+ LBz ON.

n+1’

As BL=LB, AB =BA, so we have
L(Bz) =B(Lz) =Bz and AB(Bz) =B(ABz)=Bz.
Letting n —o , we get
e(Fg, , )< D(max(g(Fg, , 0).8Fg, g, O)eF,,

(). Ya(a(Fg, , ) +gF, g, O))

ie g(Fg, ,)< O(Fp, ,O)
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which implies that gFg, , () =0 by Lemma 2 and so
we have
Bz =1z.

Also, ABz=2z andsoAz=z.

Therefore, Az=Bz=Lz=1z. (1.8)
As L(X) [0 ST(X), there exists w [1 X such that z =Lz
=STw.

Putting x =x,, and y=w fort>0 in (1.2), we get

g(FLX2 Mw ) = [(max{g(FABX2 STw O

g(FABXZH, Lx,, ©), gFgy, Mw ),
%(g(FAszn, Mw (D) + 2FgTy, szn(t)))})-

Letting n —oo and using equation (1.7), we get

o(F, \py (0) < 1) (max{g(F, , (), &(F, , (v), e(F,
My (O Y4(&(F, \py, ©) +g(F, , (O)))

ire. 2F, Ny 0) = 0(2(F, gy ()

which implies that g(szMW (1)) =0 by Lemma 2 and so
we have

z=Mw.

Hence, STw =z = Mw.

As (M, ST) is weakly compatible, we have

STMw = MSTw.

Thus, STz = Mz.

Putting X =x,,, y=2z fort>0 in (1.2), we get

g(FLx2 Mz D)= U(max{g(FABX2 STz ) g(FABX2 ,
Lx,, ©), gFgT, Mz W) l/z(g(FAszn, Mz ) +
2(FgT,, Lx, ONH.

Letting n —oo and using equation (3.8) and Step 5, we
get

&F, \p, 0) S D(max{g(F, \y, O), &F, , (1), g(Fyy,
Mz (O V(& np, () + e(Fyg, , O))

ie. g(F, v, 0) < D(EE, v, (D)

which implies that g(FZ Mz (t)) = 0 by Lemma 2 and so

we have

z = Maz.
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Putting x =x,, and y=Tz fort>0 in(l.2), we get

g(Fszn,MTZ V) < L(max{g(FAszn,STTZ (9),
eFABx, , Lx, - &FsTT,, MTZ, ) V2(e(FpARK, |
MTz O + gFgTT, Lxgn(t)))})'

AsMT=TM and ST =TS, we have

MTz=TMz =Tz and ST(Tz) = T(STz) = Tz.

Letting n —oo we get

o(F,, )< C(max{g(F, 1, O), &F,, ), eFp, 1,
(0).Y4(2(F,, T, () + g(F, , (O}

e gF,p, )= O(F, 1, O),

which implies that g(FZ,TZ (t)) = 0 by Lemma 2 and so
we have

z="Tz.

Now STz =Tz =z implies Sz = z.

Hence Sz=Tz=Mz=1z.
(1.9)

Combining (1.8) and (1.9), we get
Az=Bz=1z=Mz=Tz=Sz = z
Hence, the six self maps have a common fixed point z.

(Uniqueness) Let u be another common fixed point of
A, B, S, T, L and M; then

Au= Bu=Su=Tu=Lu=Mu=u.

Putting x=z and y=u fort>0 in (1.2), we get
gF vy ) = Hmax{g(Fap, sTy (O
2F Ay, L O &Fsry, My O) HEFay, vy O) +
e(Fgry L, O)D.

Letting n —oo, we get

gF, )= U(max{g(FL u ) g (F,
2 ) &Fy  (0), Ya(g(F,  (0)+g(Fy , (ON})

s

= U (gF, O,
which implies that gF, ,(®)=0 by Lemma 2 and so we
have
Z=u.

Therefore, z is a unique common fixed point of A, B, S,
T, L and M.
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This completes the proof.

Remark 1.1. If we take B = T = I, the identity map on X
in theorem 1, then the condition (b) is satisfied trivially
and we get

Corollary 1.1. Let A, S, L, M : X — X be mappings
satisfying the condition:
(a) LX) O SX), MX) U AX);

(b) Either A or L is continuous;

(c) (L, A) is reciprocally continuous and weakly
compatible .

@gFr p®)  <Omax{eFp, gy (O

eFax Lx ) 2Fsy My O)
Va(e(Fax, My () + 2Fsy [
O))

for all t > 0, where a function
satisfies the condition (®).

[J:[0,+ o) — [0,4+ o)

Then A, S, L and M have a unique common fixed point in
X.

Remark 1.2. In view of remark 3.1, corollary 3.1 is a
generalization of the result of Cho et. al. [2] in the sense
that condition of compatibility of the pairs of self maps in
a weak non-Archimedean Menger PM-space has been

restricted to weak compatible in a weak non-

Archimedean Menger PM-space and only one of the
mappings of the compatible pair is needed to be
reciprocally continuous.
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