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Abstract—By using hybrid functions of general block-pulsadtions and Legendre polynomials, the linear-quadpoblem
of time-varying singular systems are transformetd the optimization problem of multivariate functg& The approximate
solutions of the optimal control and state as waslithe optimal value of the objective functiona derived. The numerical
examples are worked out.
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_ . INTRODUCTION , The hybrid functions he, (1) :
Singular systems are a class of important systdmis ]
known that the analytic solutions of the optimalnicol k=12..,K;m=0]1,...,

problem for singular systems are difficult to betabbed.
This encourages us to find some numerical apprtmasblve
the problem. There are many orthogonal functions or hkm(t):bk(t)Lm(dk‘l(Zt—tk_l—tk))_
polynomials, such as block-pulse functions and Wals 3)

functions [1-4], Laguerre polynomials [5], Chebyghe
polynomials [6], Legendre polynomials [7], Hermite

M -1, on the interva(t,,T) are defined as

polynomials [8], Fourier series [9] and Legendvelets L, a2t -t -t)).t,, st<t,,
[10], which were used to derive solutions of sorpstems. n (1) = .
In recent years hybrid functions [11] were appligd this 0, otherwise
article we use the hybrid functions consisting eheral 4)
b_Iock-puI_se fu_nctions and Legendre polynomials obves whered t,—t,. k=12,...K
time-varying singular systems and optimal contool time-
varying singular systems. We present the genesaiatipnal Let
matrices. The numerical solutions are derived bpridy H (t) = [hkO (®),.. N M—l(t)]
functions.
ll.  PRELIMINARIES ©) H{®) =[H, (t)""’H (O,
A set of block-pulse functiorh)k (1), k=12,...K, onthe whereT is the transpose. The operational property ofidybr
interval [t,,T) are defined as functions is described by
t
Lt st<t,, j H (s)ds = PH (t)
b, (t) = . o

0, otherwise (6)

(1) where
_ _ . K-1K-k
wheret, =T and[t,_;,t,) O[t,,T), k=12,... K. :Ediag(dl . P+ de"), Ot
The Legendre polynomialsL  (t) on the interval k=1 i=1
(7)

[-1,1] are given by the following recursive formula for

m=12,., P= eﬂA)J’Z(Zk 1(ml_2|<+1e£”k]
{Lo(t)=l L,(t) =t,

and (m) is the mXm matrix with 1 at its entry(i, j) and
(M+DL,a (1) = @M+ DL, (1) ~ ML, ©).

zeros elsewhere and denotes Kronecker product.
An |-dimensional vector functiorf (t) on the interval

)
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F0=2Y fohn®

k=1 m=0
®)
where
f = 2m+1j RICINCREEMES
©)

Rewrite f (t) as

f() =Y FH, (1) =FH ()

(10)
where
I:k :[ka!"'lfk'M_l]’ F :[Fl""’FK ].
(11)
For correspondinng and F we denote
_[fk01" ’fkT,M—l]r, 'EZ [lfr ,...,FAKT]T .
(12)

Let a matrix functionM (t) be appropriate to a vector

function f (t). We expresdM (t) and f (t), respectively,
as

MO=Y S Moho @, 0= fh ),

(13) k=1 m=0 k=1 m=0
then

M (t) = ZK:M 1MZ:1Mki flq'hKi (t)hk] (t).
From o

h OR,® = ¥ 4Ph, (1)

(14) i
where

a =27 LOL 0L, O
we have

<

M) f(t)=>

1m

LM

-1/ M-1IM-1
( D> dPIM, f,

i=0 j=0

Z Mkmhkm(t):ZMka(t)

LN

k=1 m=0
(15)
where
M-1M-1 R
dM, f, =M,  F,
i=0 j=0
(16)
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Mk :[MKO’ - MkM—l]’
M-1
Mkm_ d(IO)M Zd(IM l)M

j=0
Let

M, =[Mg M I
(17)

Mk :[Mkro ) ’MKTM—l]T
(18)
Then

Mk =M, F

(19)

[II.  ANALYSIS OF TIME-VARYING SINGULAR SYSTEMS
Consider the following time-varying singular system

E®x(t) = ADx(®) +BOuU®), x(t) =X,
(20)
where X(t) is the n-dimensional state function ant) r-
dimensional control functionE(t), A(t) and B(t) are the

matrix functions of appropriate dimension&(t) is
singular. Suppose that (20) has the unique solutiona
given u(t). We expres&(t), x(t), A(t), x(t), B(t)
and u(t) , respectively, as

ED =22 ) - XO= T Koa0)
(21)

A =D Acha® . X0 =D Xaha ()

k=1 m=0 k=1 m=0
(22)

BO=Y 3 Bofln(0) . U= Y tfinf®)
(23) =1 m=0 k=1 m=0
By (15) we obtain
EQX®) =22 EH. (1)
(24) o

<
AN

AX(t) = AH, ().

o

<3
AN

i 1M

B(t)u(t) = Ei ().

Substituting (24) into (20) ave

[E,...E H(t) _{[A&,..., A1+[B,...,

Therefore

3M

B JHH(D -
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>

A

(A oo AT B BT

[E] . ELT

where A

E =[E,,..E T,
A=A, AT
B =[B% . BluaT.

By (17) we have
[(E, X)) oo e XD =IA X)) 1o (A
X )T
+[(|_5>l )Zl)r ,...,(I_3>K
X )T

where éK, A< and éK have the similar meaning as (18)

and (19). In addition,
X =% X T
>A(k =% ""’X;,M—l]r)
U, =[Ulylf o T

Using Kronecker product we rewrite the above eqgnagis

K A A K A ~
D ECOE) X=X (P TA) X
k=1 k=1

(25)
S (E0T8) U
where A A k:j
XT=[XT X T
X =[X{ .. X T,
U=U;,.0¢T.

By (6) we have
XH (t) - X H(t) = X"PH (t).
Using Kronecker product we have
(PTO1)X%= X =X,
where
Xo =[Xgy v X '
>20k =[x'(t),0,...,0], k=12,..K
So

K ~ ~ ~ ~
Z(QEE) UE) X"=A (X =Xo)
k=1

where
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A=Y (O DE)[(PY O]

Applying singular value decomposition fd, we have

SAVT = Q 0
0 O(MKn—N)X(MKn—N)

(26)
where
Q=diag,,...0y ), 0,20, k=1,..,N.
(27)
Let
X =X, =V'Z=V'[Z], ZIT",
K ~ ~ ~ ~
SY () T A) Xo =[Xg X5,
k=1
IR K .
e RV IDCELSE
2 Vo k=1 L,
(28)
K ~ W, W,
S (qillf) I:I A() Vz’ :|: 11 12:|
; Vle W22
(29)

where Z is the MKn-dimensional vectorZ, and X, are
N-dimensional vectorsV,, andW,, are Nx N matrices

and L, an N xKr matrix. Combining (25) and (28), we
have

~ K ~ ~
SAV'Z= SY (e OA) V'Z
k=1

(30)
K . K R
+SY (e OB) U +Sy (e’ DA) V'
k=1 k=1
Rewrite (30) as
a a m} a
QZ1=W,, Z1+W,, Z >+ X o,

O O O O
W,, Z1+W,, Z 2+ LU + X oz

(31)
Let
] ]
Y=Q27Z;
(32)
Then
] [} ] ]
Y=CY+DU+Y,
(33)
where
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C= (VV11 _W12\N2_2]VV21)Q_1’
D= '-t W W, L,

o
Yo= X 0= W, W, X 02.

(34)
By (28) and (31) we have

O El O

X =V’ 5|t Xo

Z>
o
Q'Y 0
=V’ . + Xo

o o
W, [-W, Q'Y= L,U - Xo]

| 0
+V7 N } +Q7Y
|:_W22]VV21

0 O
+V7 4, U
_\sz Lz

0 0
+V7’ o |+ Xo.
W' X oz

Substituting (33) into the above equation we have

O O

X=0U+G
(35)
where

® =V, -W,W,) 1" Q7(1, -C)7'D
+VT[OT,—(V\/2_21L2)T]T
(36)
G =V T - T 2K -0

+VT[0T , _(sz—zl XOZ)T]T +X 0
(37)

IV. OPTIMAL CONTROL PROBLEM

Given a time-varying singular system described 28),(we
want to find the optimal control which minimizesetlzost

functional

3235 [ X QX +uORYuUb]t

(38)
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K M-

k=1 m=0 k=1 m=0

SCEORDI)YCRNGE

ROUD =Y. ¥ Rofia (D).
Substituting the above equatrtgns into (38) we have
23 (4G HULR) [ .

2 k=1 m=0
Rewrite the above equation as

J:%(f(’ o %X+ U° R U)

(39)
where
—_— K ~
Q=2 (e’ 0Q)
k=1
(40)
N A\ 1 A
Q= d[Qe: éle""’ M+1QkM—1] ,
(41)
M -1 " M-1
= Y dOqQ,,... Y diMQ,
j=0 j=0
(42)
K ~
R=> (e’ OR)
k=1
(43)
- Sr 1Ar
R<: dk[R(O’ §R<11"-! M+1Rt<M—1] )
(44)
M_
Ren =| 2 ARy Zd 2R,
i=0
(45)
Then
U= ~R o' QX
(46)

From (35) we have

X = (I, + PRID'Q) G

where the matricesQ(t) and R(t) are positive- (47)
semidefinite and positive-definite, respectivelyr fany
tOft,, T] . we expressx(t) , u(t) , Q(t)x(t) and

R(t)u(t) , respectively, as

U= -RW'Q (I, +PR™DQ)'G
(48)
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V.  NUMERICAL EXAMPLES
Example 1: Consider the time-varying singular syste
described by

t o . |-2t*-2 2° 2
L O}((t)_[ 0 Z}X(t){z}u(t),

x(0)=[-1,1f .
Let u(t)=-1 and T =1. Then by (35) and taking
K=3,t =k/K, k=0,1,...K and M =4 we have

the hybrid squtionX(t) = [Xl(t) Xz(t)]r'

%0 = = 22h® + N0+ Nl)
o)+ (O + )
L ORSAINGREE L WO}

)= 22N+ N0+ lz(t)
# 2 hg(0)+ () + )
# o)+ a0+

It can be checked that the hybrid solutions areaktputhe
exact solutions.

Example 2: Consider the time-varying singular gyste
described by

2t°+2 t?+1 t? t+1 1
=2 Sl T

x(0)=[1,1] .
where X(t) is 2-dimensional state function ang{t) 1-

dimensional control function, we want to find thptimal
control which minimizes the cost functional

=%jﬁx%n[i ;}KD+UZ+DU%UNL

By (47) and (48), taking K =3 , t =k/K ,
k=0,1,...K and M =5we have the hybrid solution

X(t) = [x,(1), X,(1)]" andu(t):

2065 13
1O 0 96}11«) 660212(0
- = ) )
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1483
865f54) 165232A) 27253Z£)
14 . 5998
t t
14453§y4() 303934) 2123“()
168 29
1647%¥A) 22855%() 1925564)
t) - t) - t
2310“”() 37191K) 326914)
263
- t
38632 ® 90193“() 1279m()
1733
- t
5629h“( ) 5401 ea(t) * 1677123( )
635, 681,
t) — t
4099 ®- 784 aol) 2492 Daft)
435
+ p—
19963 ©+ 750634) 94536“()
' 638 2h
u(t) = 1819h0() (D) + 1253212()
221,
0 t
24177“3() 190621“() 1440“()
t — —
943h“() 5284.”() 3456624)
, 1631 439,
t t
32371£y4() 34643&) 5163“()
198 22
= t
7313“”() 15208334) 77923“()
By (39) we have] = %
581

Example 3: Consider the time-varying singular syste
described by

1 t?+1 t?+1 t 1 t?+1
1 1 1 [x¢)={0 1 0 [x{
1 0 0 OO0 1
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1 t+1 1
+t 1 |u(t),x(0)=|1].
1 t?+1 1

where X(t) is 3-dimensional state function ang(t) 2-

dimensional control function, we want to find thptimal
control which minimizes the cost functional

t? 0 0
1,1 r 2 T
J:Eija)o 2t |x(t)+u’ (tu(t)]dt.
0t 1
TakingM =5, K=3,t =k/K, k=0,1,...

X(t) = [x,(1), X,(1), X5(1)]" and U(t):[ul(t) u,(1)]"

829 818
_9_67hlo( )_ 5131 11( )_ 8589 12( )
49
@his( )_ 28075 14( ) 828'9120('[)
363 133
_§Z§1h”() 56720 2805724)
194, 228
_Kﬁh“( )+ 307 hyo(t) + 255131(0
475
+2461ka)-37167%() 2946f4)
1335
K0 = (0 mj‘ O h0)
170 125
ST IORE=INORE S N0
929 284 332
* 2881 " T10ee = * 217374
—26195m4() o)+ 193931(0
611
K\?Shﬂ( )_ 92363 33( ) 2614134( )
203 18
(0 =5 hu(0) - 51ihn<t) ooht)
559 45
+30217h3()_ 16978“() 9£§2&U
127 129
2677 Ok 355324) 14219”()
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1618
t t
21409 )+ 25153“) 55473K)
L 277
13523 )+ 1304434) 10950”()
" 4000 , 1134
u(t) = ——— t) +
205 157 383
= - t t
8772“4) 81143“() 1718KK)
,.827 1395
4136 ® 2162324) 20900*£)
120
= - t t
9o7o3m4() 675134) 75693K)
,_254 11
t
19571 )+ 5293“() 18220?4)
| 2137 228
u,(t) =- t
, (1) 2680h0() 28211&) 1831}£)
125 318
- -—== -~ t
6177fl4) 1106@“() 583”K)
911
%hzl( ) 6051 22( ) 434423( )
165 753
_=c - t t
3900fy4() 62834) 6050“()
137 111
1955%4) 13087“() 4282f4)
' 1747

By (39 have] = ——.
y (39) we hav 661

VI. CONCLUSION
By the excellent properties of operational matrioéghe
hybrid function of general block-pulse functions dan
Legendre polynomials, the general algorithms fer tilme-
varying singular system and the optimal controlpem are
convenient for application. The examples illustrakegs
approach.
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