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Abstract—We propose an asymmetric extension of Arslan multivariate generalization of the Generalized T distributions 

introduced by McDonald and Newey, the proposed Skew Multivariate Generalized T distribution (MSGT) includes the skew 

multivariate Normal distribution of Azzalini and Valle as well as the skew multivariate  t distribution introduced by Azzalini 

and Capitanio, besides, MSGT contains many other distributions as a limiting or special cases, a stochastic representation of 

MSGT random vector has been obtained along with a simulation study, the flexibility added of this distribution makes it a 

potential candidate in modeling multidimensional data of different tail behaviors for providing an outstanding fit which we 

have practically illustrated by using this distribution for modeling multivariate data of the American financial market. 
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I. INTRODUCTION 

Recently, there has been a considerable interest in 

developing more flexible statistical distributions at a 

multidimensional level, modifying a symmetric univariate 

density around origin to introduce skewness emerged 

frequently in the literature and was a key development for 

adding more flexibility to the fit, Azzalini [1] has introduced 

the Skew normal distribution by combining the standard 

normal density of a random variable with its distribution 

function after rescaling it with a real quantity that is the 

skewness parameter, Azzalini and Valle [2] have extended the 

idea to a multivariate level and introduced the skew 

multivariate Normal distribution which led later to several 

general procedures for forming skew multivariate 

distributions among them perturbation of symmetry by 

Azzalini and Capitanio [3] in which the multivariate-t 

distribution was obtained, Genton [4] defined generalized 

skew-elliptical distributions that include the later ones, the 

formula of the skew generalized T distribution proposed in 

this paper is basically motivated by the work of both last two 

authors [3] and [4], where we define a skew elliptical density 

as an extension of the multivariate generalized T distribution 

of Arslan [5] which covers the multivariate generalization of 

the generalized-t distribution defined by McDonald and 

Newey [6]. 

The Remainder of this paper is organized as follows, in the 

next section we reparametrize the univariate Generalized T 

distribution (GT) introduced by [6], followed by the same for 

its distribution function introduced by Nadarajah [7] and its 

multivariate generalization introduced by Arslan [5], in 

section III we define the Skew Multivariate Generalized T 

distribution (MSGT) then we give a Stochastic representation 

in section IV, we apply this distribution on the American 

market returns in section V then we discuss the results in 

section VI and conclude in section VII. 

II. SOME ADJUSTMENTS 

We start the construction of the multivariate skew 

generalized T distribution (MSGT) by considering the 

generalized T distribution of [6] but with another 

parameterization given by: 
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It can be shown that the above density with 0m   and 

1s   is a mixture of the exponential power distribution (PE) 

of Box [8] with a scale parameter distributed as inverse 

generalized gamma (IGG) of Hoq [9] with inverse scale 
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The cumulative distribution function of (GT) density was 

derived by [7], hence the CDF of the (GT) density given in 

(1.1) can accordingly be given by: 
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Which is the regularized Beta function. 

 

Now, we define the multivariate generalized T distribution 

(MGT) of [5] in such a parameterization that is analogous to 

its univariate density function given in (1.1) as follows: 

 

Let X be a d-dimensional random variable distributed as 

MGT then its PDF is given by: 
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Where  dR  ,    is a positive-definite symmetric matrix 

and
1(X ) (X )TQ      . 

 

 
Figure 1. Bivariate Generalized T densities with identical locations and unit 

scale matrices but different shape parameters, where the first panel 
represents an approximation of the bivariate Normal distribution (since 
α = 2 and ν is large enough) and the second one is the bivariate t 
distribution whereas the fourth one shows the bivariate GDL density, 
to illustrate how the flatness of the peak decreases as α decreases, also 
how the tails become heavier with smaller ν. 

 

 

 For 2   the above density in (1.8) reduces to the 

multivariate t distribution (MT) which approaches 

to the multivariate Normal distribution (MN) 

for  . 

 

 For    The above density in (1.8) approaches 

to the multivariate power exponential distribution 
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(MPE) defined by Gomez et al [10] but with slightly 

different parameterization given by: 

 

 

 

21
2

1

2 2

( )
2(X; , , )

2 ( )| |

( )Qd

PE d

d
e

f
d




 








 

 

 
 

   (0.9) 

Which includes the multivariate Normal distribution        

for 2   and the multivariate Laplace distribution 

for 1  . 

 

 Consider the univariate  generalized double Lomax 

distribution (GDL) defined by Fares and Haragopal 

[11]  with scale parameter ( )s  ,  
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Then the (MGT) density in (1.8) reduces (for 1  ) to 

the multivariate generalized double Lomax distribution 

(MGDL) which is the multivariate generalization of 

(GDL) given in (1.10), also MGDL approaches to the 

multivariate Laplace distribution for  . 

 

As the MGT distribution belongs to the family of elliptically 

contoured distributions, according to Fang and Zhang [12], 

the random vector X of PDF defined in (1.8) has the same 

distribution as: 
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Where 
( )dU is a random vector uniformly distributed on the 

unit sphere in ,dR A is a square matrix with d  order such 

that 
TA A  and R is an absolutely continuous non 

negative random variable, independent from 
( )dU , whose 

density function is: 
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Where GB2(.) is the PDF of the Generalized beta distribution 

of second kind defined by McDonald and Xu [13], with 
thk order moment given by: 
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III. SKEW EXTENSION OF THE MULTIVARIATE 

GENERALIZED T DISTRIBUTION: 

We propose a skew extension of MGDL by using Genton [4] 

skewing procedure by combining the symmetric elliptical 

multivariate density of MGDL with a skewing function 

defined below and the resulting distribution is a class of 

generalized skew-elliptical distributions given by: 
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Where (.)f  is an elliptical density and (.)  is a skewing 

function that satisfies 0 ( ) 1X   

and ( ) 1 ( )X X    , we define the multivariate skew 

generalized T distribution (MSGT) as a special case of (1.15) 

replacing (.)f  by (.)MGTf  and (.)  by (.)GTF  as 

follows: 
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Where  dR  is the skewness parameter, 
1

2{ ( )}diag   , (X, , , , )MGTf     is defined in 
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(1.8), and the skewing function here 
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is the univariate GT distribution function defined in (1.5). 

 

 
 
Figure 2. Contur plot of Bivariate SGT Densities with identical locations, 

unit scale matrices and shape parameters α = 1.5 and ν = 3, but 
different skewness parameters, where we can see how the sings of the 
skewness vector components shift the density’s tails to the 
corresponding quarter. 

 

 For 2  the above density in (1.16) reduces the 

multivariate skew t distribution (MST) defined by 

[4] which approaches to multivariate skew Normal 

distribution (MSN) of [5] for  . 

 For  the above density in (1.16) approaches 

to the multivariate skew power exponential 

distribution (MSPE)   Which includes the 

multivariate skew Normal distribution 

for 2  and the multivariate skew Laplace 

distribution (MSLaplace) for 1  . 

 MSGT reduces (for 1  ) to the multivariate skew 

generalized double Lomax distribution (MSGDL) 

which also approaches to MSLaplace for  . 

IV. STOCHASTIC REPRESENTATION AND SIMULATION  

We obtain a stochastic representation of MSGT random 

vector following the skew-symmetric representation of Wang 

and Boyer [14] as follows: 

Let Y be a continuous random vector with PDF ( )f y  that is 

symmetric around 0d
. Let U be a uniform random variable 

on (0,1) , independent of Y. 

 The random vector X with PDF (1.16) can be simulated by 

the following representation: 
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Replacing ( )y by (.)GTF  in the above equation we get 

( , , , , )X MSGT      represented by: 
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Figure 3. Some multivariate skew distributions as either special or 

limiting cases of MSGT distribution introduced in this paper 

 

The Monte Carlo experiment has been performed with 500 

iterations and repeated for different sample sizes to evaluate 

the Maximum likelihood Estimations (MLE) in terms of the 

estimates means and standard deviations, we consider the 

values of the true parameters to be: 

1 4 1 1
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Where the random vectors generating process is of the 

stochastic representations defined in (1.19). The simulation 

results are displayed in Table 1, the consistency of the MLE 

is well pronounced as the bias and standard deviations 

decrease with larger sample sizes. 
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Table 1. MSGT Simulation results. 

 

V. APPLICATIONS 

MSGT and MST along with their symmetric versions have 

been fitted to a data set consisting of 5032 pair of daily log-

return belonging to the American indices, also we have used 

the multivariate Generalized Hyperbolic distribution 

(MGHYP) for modeling the same data. 

The Maximum Likelihood Estimation has been applied using 

R programing Language to obtain the parameters’ estimates, 

Table 2 shows the results of this data modeling. 

In brief, 

 

Table 2. Parameter estimates for NASDAQ and S&P500 daily returns. 

 

VI. RESULTS AND DISCUSSION 

Considering the values of Bayesian information criteria 

(BIC) in table 2 and comparing each MSGT and MST with 

their symmetric versions, we can see the improvement added 

to the fit due to inclusion of skewness parameter  in each 

model, the value of the shape parameter 1.18  indicating 

that the data is nearer to be distributed as (MSGDL) rather 

than as (MST) and this is reflected in the difference between 

BIC values corresponding to each MSGT and MST, finally 

we also see  according to BIC that MSGT outperforms 

MGHYP which is very popular choice in modeling 

multidimensional financial data for providing great deal of 

flexibility. 

In brief, MSGT has the potential to well fit multivariate real 

world data and can be compared to MGHYP which is of the 

same number of parameters. 

VII. CONCLUSION AND FUTURE SCOPE 

A skew extension of the multivariate generalized T 

distribution has been proposed, the new family of 

distributions includes many other subfamilies as special or 

limiting cases, this model will be useful in different contexts, 

we have fitted it to financial data to show its ability in 

capturing more features of the data by accommodating 

skewness after conducting a simulation study to evaluate the 

MLE, however, the proposed extension should be further 

investigated with regard to its distributional properties. 
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