Mathematical and Statistical Sciences
Volume-5, Issue-5, pp.33-40, October (2018)

D isroser @

International Journal of Scientific Research in

Research Paper

E-ISSN: 2348-4519

On the General Product-connectivity Index of Transformation Graphs

B. Basavanagoud'” and C.S. Gali®

!Department of Mathematics, Karnatak University, Dharwad, India
2 Department of Mathematics, Karnatak University, Dharwad, India

*Corresponding Author: b.basavanagoud@gmail.com, Tel.: +91-9449177029

Available online at: www.isroset.org
Received: 24/Sept/2018, Accepted:13/0Oct/2018, Online: 31/0ct/2018

Abstract—The general product-connectivity index is a molecular structure descriptor of a molecular graph, which generalizes
both Randic index and second Zagreb index. In this paper, we obtain general product-connectivity index of subdivision graph,
partial complement of subdivision graph, semitotal-point graph, semitotal-line graph and total graph. Also bounds for general

product-connectivity index of some transformation graphs.

Keywords—General product-connectivity index, Semitotal-point graph, Semitotal-line graph, Total transformation graphs,

First and second Zagreb indices.

l. INTRODUCTION

Simple, finite and undirected graphs are considered
throughout this paper. Let G be a graph with the vertex set
V (G) and edge set E(G) such that |V(G)|=n is the order

and | E(G) |= mis the size of G. The degree of a vertex
v eV (G) is denoted by d;(v) . The degree of an edge
e=Uuv in G is denoted by d(e) ., and is defined by
d.(e) =dg (u)+ds(v)—2. The maximum and minimum

vertex degree of G are denoted by A(G) = A and 6(G) =6

respectively. The vertices and edges of G are called its
elements. Here, we denote the adjacency (or incidence) of
elements by the symbol ~ and nonadjacency (or

nonincidence) by ~~ . Asusual S(G) is subdivision graph of
G, L(G) is line graph and T(G) is total graph. The jump
graph J(G) of a graph G is complement of line graph.

The partial complement of subdivision graph §(G) [9]is
a graph with the vertex set V(G)UE(G) such that two

vertices of §(G) are adjacent if and only if one corresponds
to a vertex V of G and other to an edge € of G and V isnot
incidentto € in G.

The semitotal-point graph T,(G) [15] is a graph whose
vertex setis V (G) U E(G) in which two vertices are adjacent

if and only if (i) they are adjacent vertices in G or (ii) oneisa
vertex of G and the other is an edge of G incident to it.
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The semitotal-line graph T, (G) [15] is a graph whose
vertex setis V (G) U E(G) in which two vertices are adjacent

if and only if (i) they are adjacent edges in G or (ii) one is a
vertex of G and the other is an edge of G incident to it.

The tadpole graph T, , [7] is the graph formed by joining

the end point of a path of length k to a n-cycle. The sum
C,+ K, ofacycle C, and a single vertex is referred to as a

wheel graph W, ,, of order n+1. The ladder graph L, [7]

is the product K,xP, . For notations and undefined
terminologies we follow [6], [11].

Some Results on Contra Harmonic Mean Labeling of
Graphs obtained in [13] and Anti-magic labeling for Boolean
graph of path BG(P,), (n > 4) is obtained in [16].

A molecular graph is a simple graph representing the
carbon-atom skeleton of an organic molecule (usually, of a
hydrocarbons). Thus, the vertices of a molecular graph
represent the carbon atoms, and its edges the carbon-carbon
bonds. According to the IUPAC definition, a topological
index (or molecular structure descriptor) is a numerical value
associated with chemical constitution for correlation of
chemical structure with various physical properties, chemical
reactivity or biological activity. The significance of
topological indices is usually associated with quantitative
structure property relationship (QSPR) and quantitative
structure activity relationship (QSAR) [10].
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The first and second Zagreb indices are defined in [8] as
M, =M, (G)= > dg(v)* and

veV (G)

M, =M,(G)= Z dg (u)dg (V) respectively.

uveE(G)

The Randi¢ index of a graph G is defined in [14] as

RG)= D [dg(u)ds (V)] 2.

uveE(G)

It has been extended to the general product-connectivity
index defined in [5] as

R,(G)= 2 [ds(u)ds (W],

uveE(G)
where ¢ is any real number.

The first general Zagreb index of a graph G is defined in

[12] as
M7 (G)= > [de(u)]*.

ueV (G)
where ¢ is any real number.

The general sum-connectivity index defined in [19] as

X.(G) = z [dg (u) +dg (V)]

uveE(G)
where ¢ is any real number.

The general sum-connectivity index of some transformation
graphs is obtained in [4], [17]. In section Il, we obtain general
product-connectivity index of subdivision graph, partial
complement of subdivision graph, semitotal-point graph,
semitotal-line graph and total graph. Also bounds for general
product-connectivity index of some transformation graphs.

Il.  GENERAL PRODUCT-CONNECTIVITY INDEX OF
TRANSFORMATION GRAPHS

Theorem 2.1 If G isagraphand o €R, Then
R, (S(G)) = 2*M&*(G).

Proof. Since S(G) has n+m vertices and 2m edges,

R,(S(G)) = z [d ) (U) ds ) ()]

uecE(S(G))
Note that dg g, (U) = dg (U) for ueV(G) and
dsc)(€) =2 for e=uv e E(G).
Therefore,
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2, [de()-21°

uecE(S(G))

=2 > [de (I

ueeE(S(G))

=2" ) ds (s (W)]I"

uev (G)

= 2M(G).

R,(S(G)) =

Corollary 2.2 If P, isapathand o € R, then
R,(S(R)) = 2“1+ (n-2)2°].

Proof. From Theorem 2.1, we have
R,(S(P))=2"M*(P).
Since the path P, contains two vertices of degree one and
(n—2) vertices of degree two,
M (R)= Y [dp (W] =2+(n-2)- 2"

uev(R,)

Hence R_(S(P,)) = 2“*[1+(n-2)2°].

Corollary 2.3 If W_, is the wheel graph and & € R, then
R, (SW,,)) = 2“n[3*"* +n°].

Proof. From Theorem 2.1, we have
Ra (S (VVn+1)) = 206 I\/llOH—l (Wn+l)

Since the wheel W, ., contains N vertices of degree
three and one vertex of degree N,

MW, )= > [d, (W] =n[3 +n7].

ueV (Wn +l)

Thus R,(S(W,,,,)) = 2°n[3*"* +n“].

Corollary 2.4 1f T is the tadpole graph and o € R, then
R,(S(T,) = 2°03“" +(n+k —=2)-2*" +1}.

Proof. From Theorem 2.1, we have
R, (S(T,)) = 2"M{™(T,,)
The tadpole T, has n+k —2 vertices of degree two,
one vertex of degree three and one vertex of degree one.

M )= Y [d W]

ueV (Tn,k)

=3 +(n+k-2)-2°" +1
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R, (S (Fn’k)) = 26‘{36‘*1 +(n+k-2)- 20+ +1}.

Corollary 25 If L isaladderand « € R, then
R,(S(L,)) =2""*{2""* + (n-2)-3""}.

Proof. From Theorem 2.1, we have
R.(S(L)=2"M™(L,).
Since the ladder L has four vertices of degree two and
2(n—2) vertices of degree three,
a+l - a+l _ ~a+3 a+l
ML) = Y [d, W] =270 +2(n-2) 3"
ueV(Ln)

Hence R_(S(L,)) =2°*{2°"* +(n-2)-3“"}.

Corollary 2.6 ([2]) If G isagraphand o € R, then
M,(S(G)) =2M,(G)

Theorem 2.7 Let G be any graph and o € R. Then
R,(S(G)) = (n-2)* { > Im —dG(U)]‘”l}-
ueV (G)

Proof. Since S(G) has N+m vertices and m(n-2)
edges, we have

R.SGN= Y [dye () dg, (@)

ueeE (S(G))
Note that dg(G)(u) =m-dg(u) for ueV(G) and
dg(G)(e) =n-2 for e=uv e E(G) . Hence

R,(S(G)= > [(m-dg(u)(n-2)"

ueeE (S(G))

=(n-2)* >, [m-ds I

ueeE (S(G))

=(n-2)" Y, (m-dg()[m-ds )"

ueV (G)

Corollary 2.8 If P. isa path and o € R, then

R,(S(P)) = (n—2)*[2(m-1)“*
+(n=2)(m-2)""].

Proof. From Theorem 2.7, we have

R,(S(P,)) = (n—z){ > [m-d, (u)]““}.
UEV(Pn)

Since the path P, contains two vertices of degree one and
(n—2) vertices of degree two,
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z [m-d, W] = 2(m-1)“" +(n-2)(m-2)“*".
uevV(P)) "
Hence

R,(S(R))=(n-2)* [ 2(m-1)*" +(n-2)(m-2)* |

Corollary 2.9 If W_, is the wheel graph and & € R, then
R, (SW,..)) = (n=2)"[n(m-3)“" +(m—n)*"]

Proof. From Theorem 2.7, we have
R, (SW, 1)) = (n-2)" [ > [m-d, (u)]““}.
uev Wy,

Since the wheel W ., contains N vertices of degree three
and one vertex of degree n,

> [m- dy, (W] =n(m-3)“* +(m—-n)**™.

ueV (W, 1)
Hence

R, (SW,,)) = (N=2)“[n(m—3)“" + (m—n)~"]

Corollary 2.10 If T, is the tadpole graph and «r € R, then
R,(S(T,,)) = (N—2)“[(M-1)*" +(m~3)**
+(n+k—2)(m-2)""]
Proof. From Theorem 2.7, we have
R,(S(T,)) = (n—2)" { > [m-d, (u)]“*l}.
ueV(Tn’k) '

Since the tadpole T, has n+k —2 vertices of degree
two, one vertex of degree three and one vertex of degree one,

2, [m—d; ()" =(m-1)""+(m-3)*"

ueV (Tn,k)

+(n+k—2)(m—2)*".

Corollary 2.11 If L isthe ladder and « € R, then
R,(8(L,)) = (n-2)"[4(m~2)""
+2(n=2)(m-3)*"].

Proof. From Theorem 2.7, we have

R,(5(L,) = (n—2>{ > [m-d,_ (u)]a“}.

UEV(Ln)
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Since the ladder L has four vertices of degree two and
2(n—2) vertices of degree three,

>, [m—d_ ()] =4(m-2)""

UGV(Ln)

+2(n—=2)(m—-3)**,

Corollary 2.12 ([3]) If Gisan (n, m)graph and ¢ € R,
then

M,(S(G)) = (n—2)[ m*(n—4)+M,(G) |.

Theorem 2.13 If G is any (N, M) graph and & R, then
R,(T,(G)) =4[ R,(G)+M{*(G) |
Proof. Since T, (G) has n+m vertices and 3m edges,
RMGN= Y [dy o0y (VI
xyeE(T, (G))

= Z [dTZ(G)(u)dTZ(G)(V)]a

uveE (T, (G)NE(G)

+ Z [d, 6y (W) dy (6, (B

ueeE (T, (G)NE(S(G))
Note that dTZ(G)(u)=2dG(u) for ueV(G) and

dTZ(G)(e) =2 for e=uv e E(G). Hence

R.(T,(G) = 2 [2d¢(u)2ds (]I

uveE(G)

+> [2d; (u)-2]°

u~e

=4 3" [de(u)dg (V1" +4° D [dg W)]”

uveE(G)

ueV (G)

= 4“[Ra(G)+ > dG(U)[dG(U)]“]-

Corollary 2.14 If P, isapath and o € R, then
R,(T,(P)) =4°[(n-1)-2"" +(n-3)-4° + 2]
Proof. From Theorem 2.13, we have
R, (T,(R)) =4 {R,(R)+M*(R)}.
Since the path P, contains two vertices of degree one and
(n—2) vertices of degree two,
R,(P)=2"+(n-3)-4% and
M(R) = D [de (W] =2+(n-2)-2°"

uev (P,)
Hence
R,(T,(R)) = 4°[(n~1)-2"" +(n-3)-4“ +2].
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Corollary 2.15 If W, ,, is awheel graph and o € R, then
R, (T,(W_,,)) =4°n[9” +(3n)* +3“" +n“].

Proof. From Theorem 2.13, we have
Ra (T2 (Wn+1)) = 4a{Ra (Wn+1) + M la+1 (Wn+l)}
Since the wheel W, ,, contains n vertices of degree three

and one vertex of degree n,
R,(W,.,) =n[9* +(3n)“] and

MW, = > [d, ] =n[3""+n“]

ueV (Wyy)

Hence R (T,(W,.,)) = 4“n[9“ +(3n)* +3“" +n“].

Corollary 2.16 If T isthe tadpole graph and o € R, then
4°[3-6" +(n+k —4)-4 +3*"
+[2(n+k)-3]-2" +1] ifk>1
4[2-6" +(n—-2)-4" +4.3"
+(n-1)-2"+1] ifk=1
Proof. From Theorem 2.13, we have
R, (T,(T,,)) = 4{R, (T, , ) + M (T, )}

Since the tadpole T, has n+k—2 vertices of degree

R, (To(T,)) =

two, one vertex of degree three and one vertex of degree one,
3-6% +(n+k—4)-4“+2% if k>1

Ra (Tn,k) = a a a .
2:6"+(nN-2)-4“ +3 if k=1

and

Mf”l(Tn’k) =3+ +(n+k —2)-2"+1 +1.
On substituting, we obtain the result.

Corollary 2.171f L, n> 2 is the ladder and o € R, then
4°{(3n—8)-9* +4-6 +2%*"
+2°%+2(n-2)-3""} if n>2

42 1 47} if n=2.
Proof. From Theorem 2.13, we have
R, (T(L,) = 4{R, (L) + M (L)}

The ladder L, has four vertices of degree two and
2(n—2) vertices of degree three.

R, (T (L)) =

Therefore,
221 4 4.6% +(3n—8)-9% if n>2
R (L)= _ ( )
4t jf n=2
and
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Mf‘”(Ln) = z [d, (u)]"’+1 =234 2(n-2) .34,
uvL,)
On substituting we obtain the result.

Theorem 2.18 If G isan (n, m) graph and & € IR, then
R, (MG = Y ([ds(u)* +dg(v)“1[ds (u) +ds (V])

uveE(G)

+ D {ldg (u)+ds (V)] [dg (v) +de (W]*},

uvweE, (G)

where E,(G) is set of all pairs of adjacent edges.

Proof. Since T,(G) has n+m vertices and m+%|\/|1

edges,
RMOG)= X [dye() dy ("
xyeE(T;(G))
= Y, [d oWy e (W]
ueeE (T, (G))NE(S(G))

2 [dy g (@)d o (&)

& &;<E (T, (G)NE(L(G))
Note that dTl(G) (u)=dg(u) for ueV(G) and
dTl(G)(e) =dg(u)+dg(v) for e=uve E(G).

R.M(G) = . [ds(u){ds(u)+ds ()}

+ Z ) {[ds () +dg (VI[ds (V) +ds (W1}

(A R B

= 3 ([do (U){ds (u) +dg (V3"

uveE(G)
Hdg (V{ds (u) +dg (V)3")
+ Z {[d¢ (u) +dg (V][ (V) +dg (W]}
uv,vweE (G)
Theorem 2.19 If G isan (n, m) graph and o € R, then
R, (T(G))=4"R,(G)
+2° Y ([do (u) +dg (v)TMdg (u) +dg (V)

ueE(G)

+ >, {lds () +dg (V] [dg (v) +ds (W]},

uwek, (G)

where E,(G) is set of all pairs of adjacent edges.

Proof. Since T (G) has n+m vertices and 2m+%|\/|1

edges,
R.TEG)= >

uveE(T (G))NE(G)

[dT(G) (u) dT(G) Ulh
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+ Z [dT(G) (u) dT(G) eI

uecE (T (G))NE(S(G))

+ Y [0 (€) drgy (&)

gjej <E(T (G)NE(L(G))
Note that d; , (u) = 2d; (u) for ueV(G) and
dr e, (€) =dg () +dg (v) for e=uveE(G).

R,(TG)= 2, [2ds(u)-2ds (W]

uveE(G)

+ D, [2dg (u){dg (u) +dg (M}

{[dg (U) +ds M1[dg (v) +dg (W]}

>

& ~€j1 € =Uv, e =vw

=4"R,(G)+2" 3 ([dg(u}{ds(u)+ds(v)}"

uveE(G)
+[ds (V{dg (u) +ds (V)}")
+ 2 A{lds (u) +de W]Idg (v) +dg (W)}

uv,vweE (G)

Theorem 2.20 If Gisan (n, m) graph and o < 0, then

R, (L(G)) < 4 (5 —1)* (%— m)

R, (L(G)) = 4“(A—1)** (%— mj

the equalities hold if and only if G is a regular graph.

M
Proof. The line graph L(G) has m vertices, 71—m

edges and d, ¢, (e) =dg(U) +ds(v) -2 fore=uv eE(G) .
Therefore,
R, (L(G))

Z [di)(&)d ) (€]

gej E(L(G))

Z {[dG (u)"'de (V)_Z]

& =uvy ej=w

eiwe

[dG (V) + dG (W) - 2]}a
Note that d(u) <A and dg(u) > S for any vertex
u €V (G) . The equalities hold if and only if G is a regular
graph. Also given that &z < O, we have

R,(L(G) < D [26 21" =4 (s -1)* (%—m].

ei~ej

Similarly, we can prove the other side inequality.
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Theorem 2.21 If G isan (n, m) graph and o < 0, then

R, (J(G)) < (M +1-25)% nglj—% Ml}

m+1
R,(J(G)) = (m+1-2A)* H ) ]—% Ml}
the equalities hold if and only if G is a regular graph.

Proof. The jump graph has m vertices, [m+l}_l M,
2 2
edges and d, o, (e) = m+1-d,(u)-d,(v) for e=uveE(G).
Therefore, by using definition of R (G) and above
information, we obtain the inequalities.

Wu and Meng in [15] defined total transformation graphs
G™.
Definition 2.1 Let G = (V(G), E(G)) be a graph and X,
y . Z be three variables taking values + or —. The total
transformation graph G is the graph having
V(G)UE(G) as the vertex set, and ¢, geV(G)UE(G),
« and g are adjacent in G™ if and only if one of the
following holds:

() a,peV(G), a, p are adjacent in G if X=+ and
o, p arenotadjacentin Gif X=—.

(i) «, € E(G), a, p areadjacent in G if y =+ and
a, [ arenotadjacentin Gif y = —.

(i) 2 eV(G) and B E(G), a, p areincidentin G if
Z=+and o, p arenotincidentin Gif Z=—.

Since there are eight distinct 3 —permutatoins of {+,—}
, there are eight different transformations of a given graph G.
It is interesting to see that G is just the total graph T (G)

, G is the complement of T(G) and G is quasi-total
graph [1]. Also note that G*"" =G~ ", G" " =G ", and
G =G"".

Theorem 2.22 If G isan (n, m) graph and « € IR, then

R,(G)=(n 1) ng - m} +2(n-1)* x,(G)
+ Z {[ds (U) +ds (V)]* [dg (V) +dg (W)]*}

uweE, (G)

where E,(G) is set of all pairs of adjacent edges.
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n
Proof. Thegraph G~ hasn+m vertices, [2} +% M,

edges, de*** (U)=n-1for ueV(G) and

dG_++ (e)=dg(u)+dg(v) fore=uve EG).
Therefore,
R,(G™)= Y {(h-D(n-D¥"
uveE(G)
+ 2, [0 -D{ds (u) +ds (V"

>

&~ @)y €=UV, &) =W

{[dg (U) +ds ][dg (v) +dg (W)}

Theorem 2.23 If G is an (n, m) graph and & <0, then
7 <R (G™)<y,, where
7 =mtemt(n-2)[n-4+2A]"

+EM1—m}[n—4+2A]Z”
¥, =m*tem*t(n-2)[n-4+25]"
+[%Ml—m}[n—4+25]2“

the equalities hold if and only if G is a regular graph.

Proof. Thegraph G~ hasn+m vertices,
1
m(n _2)+§ M, edges, dG**’ (u)=m for ueV(G)

and de*** (&) =n—-4+d,(u)+d;(v) for
e =uv e E(G). Therefore,

R,(G™)=>[m-m]
+ > [m(n—4+dg(v) +dg (W)]”

u-e,e=vw

+ > {In—-4+dg (u)+dg (V)]
e E=U, &=
[n—4+dg(v)+ds (WD
Note that dg (U) <A and dg(U)>J for any vertex
u €V (G) . The equalities hold if and only if G is a regular
graph.
R,(G")> Z(m)z‘” + Z{m[n —4+2A]}"

u-~e

+ > [N-4+2A1“ as a <0

ei~ej

38



Int. J. Sci. Res. in Mathematical and Statistical Sciences Vol. 5(5), Oct 2018, ISSN: 2348-4519

R, (G )=m* " +m**(n-2)[n—4+2A] @) 7, <R (G 7)< y,, where
: =m*? +mt(n-2)[n+m-1-2A]"
+[1Ml—m}[n—4+2A]2“ £ (n=2)] ]
2 o | [T +1 1
Similarly, we can compute the other side inquality. +(n+m-1-2A) 5 M, |,

Theorem 2.24 If G is an (n, m) graph and & <0, then

7, = m* 4 me(n - 2)[n+m 1-25]"
7 <R, (G ) <y,, where

n +(N+m-1-25)** K —EMl
7, = (N+m—1-2A)** sz—m} 2
2) 7, <R (G <y,,wh
+(n—4+2A)2“[1M1—m} @ 1 =R, (G 7)< 7, where
2 = (m+3-2a)|[ MLy
+m(n—2)(n+m—1-2A)"(n—4+ 2A)" 7 o |72
n
7, =(N+m-1-265)*" Kz)—m} +(n-1)* H;j—m}+2m(n—1)a(m+3—2A)”‘,
1
+(n—4+25)> Eml—m} 7, = (M+3-25)% Km; j—%Ml}
+m(n—-2)(n+m-1-25)"(n—4+20)%; n
the equalities hold if and only if G is a regular graph. +(n-1)* sz - m} +2m(n—-1)*(m+3-25)“.
n

Proof. The graph G™*~ has [2

j+£Ml+m(n—4)
2 3) 71< R, (G )<y, <, where

edges, dGi+,(U)=n+m—1—2dG(U) for ueV(G) [((m+1) 1
@ =n-4+d,@)+d ) fre=weE@).  7:TH RO Hma3-2T ( 2 j_EMl}
Therefore, a+l o _ .
R (G Zﬁ{In+m—1—2dG(u)] +2°7m[A]” (M +3-2A)“, ] )
weE(G) 7, =4°R_(G) +(m+3-25)* (er J—EMJ
[n+m—1-2d, (V)" L2 )2
+2°"'m[5]* (m+3-25)".
+ > {In—4+dg(u) +dg(V)]
&~€j s §=UV, &= 4) 7 < Ra(Giii)S}/z,Where
[n—4+d;(v)+d, (W)} n) (m 1
}/1:[n+m_1_2A]2a|:(2]+[2j+m(n—2)—EMl:|,
+ > {In+m-1-2dg(u)]
e s 7, =[n+m-1-26]" Knj{m}m(n—Z)—iMl}-
[n—4+dg (v) +dg (W 2) \2 2

The equalities hold if and only if G is a regular graph.
Note that d.(u)<A and dg(u)>¢6 for any vertex

u eV (G) . The equalities hold if and only if G is a regular

e i I1l.  CONCLUSION

graph. On simlifying we get the desired result. In this paper, we have obtained the closed formulae for general
i product-connectivity index of subdivision graph, partial

Theorem 2.25 If G isan (n, m) graphand o <0, then

complement of subdivision graph, semitotal-point graph,
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semitotal-line graph and total graph. Also bounds for general
product-connectivity index of line graph, jump graph, and
total transformation graphs. Note that, if o > 0, then the
opposite inequality is valid for all graphs. However obtaining

the closed formulae for some G™* graphs is difficult.
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