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Abstract- The spread dynamics of Lassa fever with inclusion of birth and death rate using the modified Susceptible, Exposed,
Infected and Removed model, which is a system of ordinary differential equation. We study the model with demographic
effects in Nigeria in order to analyze the stabilities with birth and death rate inclusion; the spread and control of the disease
with the use of immunization. Our study reveals that immunization is a very efficient factor in reducing the number of infected
individuals in a short time period, early diagnostic of infected humans is the best approach against the spread of the disease.
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1. INTRODUCTION

Lassa fever is an acute viral hemorrhagic fever illness that is known to be endemic in various West African countries including
Nigeria. A viral disease majorly caused by Lassa virus. According to the Centers for disease control and prevention (2014), it
was first discovered in 1961, in the Lassa town of Borno State, Nigeria. Later on, an endemic situation of Lassa virus was
reported in some cities of West African countries of Sierra Leone, Liberia and Guinea, Ogbu (2007). As of 9 June 2017, the
outbreak is still active in nine states (Anambra, Bauchi, Cross-River, Edo, Taraba, Nasarawa, Ondo, Plateau, and Kano) in
Nigeria. WHO, (2017). ‘Since the onset of the 2018 outbreak of Lassa fever in Nigeria, there have been 110 deaths, 78 in
positive confirmed cases, 8 in probable cases and 24 in negative cases, according to NCDC latest report. In 2009, the first case
from Mali was reported in a traveler living in southern Mali; Ghana reported its first case in late 2011. Isolated cases have also
been reported in Cote d’Ivoire and Burkina Faso and there is serologic evidence of Lassa virus infection in Togo and Benin.
The number of Lassa virus infections per year in West Africa is estimated at 100,000 to 300,000, with approximately 5,000
deaths. Unfortunately, such estimates are crude, because surveillance for cases of the disease is not uniformly performed. In
some areas of Sierra Leone and Liberia, it is known that 10%-16% of people admitted to hospitals every year have Lassa fever,
which indicates the serious impact of the disease on the population of this region.

The transferor of Lassa Virus is a small rodent (rat), the Multimammate rat of the genus Mastomys. The spread occurs when an
individual comes in contact directly with the blood, urine, feaces of rats or other body secretions of an infected person Bawa.
M. et al. (2013) & Gunter S. et al. (2001). Transmission of Lassa virus to humans occurs most commonly through ingestion or
inhalation. Mastomys rodents persistently are infected by this virus and in lieu, shed the virus in their urine and droppings.
Direct contact with these materials, through touching soiled objects, eating contaminated food, or exposure to open cuts or
sores, can lead to infection. Because Mastomys rodents often live in and around homes and scavenge on leftover human food
items or poorly stored food, direct contact transmission is common. Mastomys rodents are sometimes consumed as a food
source and infection may occur when rodents are caught and prepared. These rodents’ lives in the same environment as human,
and transmission is by direct contact, and when an individual’s breaths in particles in the air containing Lassa virus from an
infected person. This aerosol transmission may occur during cleaning activities, such as sweeping, direct contact with infected
rodents is not the only way in which people are infected; person-to-person transmission may occur after exposure to virus in
the blood, tissue, secretions, or excretions of a Lassa virus-infected individual. The symptoms of Lassa fever begin to show in
an individual after being infected between one and three weeks. The disease is mild or has no observable symptoms in up to
80% of people infected, but 20% develop a severe multisystem diseases including facial, muscle fatigue, vomiting, cough,
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meningitis and hypertension. Center for diseases control and prevention (2004). The presence of Lassa virus may result into
neurological problems including loss of hearing, which may be transient or permanent, tremors and encephalitis.

1. METHODOLOGY

Mathematics modeling used for epidemics majorly is the SIR, SIS, and SEIR. In this paper, we try to consider the
mathematical method that is closest to real life situation of all, which is the SEIR model that is developed form the SIR
mathematical model for epidemic diseases. Since this paper considers, vaccination for the Lassa virus, there was a need to
develop the new SEIR model. By means of the SIR and SIS models along with the SEIR and SEIRS models, these models all
presumed that the disease spreads in a closed situation. For such models, the population N is always a constant value since the
models do not integrate any births or deaths. In order to advance and implement more lifelike mathematical models close to
reality, by assuming a birth rate b and death rate d, the SEIR model now have a time-varying population N (t) that is more
appropriate in modeling the spread of the Lassa fever virus. Basically, the total population increases by birth at a rate b and
decreases at a rate of d, from the different group of susceptible (S) group, exposed (E) group, infected (1) group, and recovered
(R) group, the total population N (t) adheres to the conservation law, as the sum of the populations of the different
compartments that they all vary as a function of time.

Individual’s
virus state Susceptible  Latent €= Infectious —————3 Recovered

Y ) ) S S S —

Epoch tL tl ’ tsy ttr tR time

Incubation
period

Figure 1: Lassa fever virus progress in an individual by using the SEIR model

The transmission of the virus is described by the following system of nonlinear ordinary differential equations:

SR = —psOI®

L0 = ps©I() — yE(®) (@
28 = yE@®) - ui(t)

T =

where 8 = 0 is the transmission rate; y = 0 is the infectious rate; and p = 0 is the recovery rate.

The initial conditions are given:

S(0)=S5,>0, E(O)=E,>0, I(0)=1,>0, R(0)=0.

from (1) ;t (S(t) +E@)=1()+ R(t)) = 0, that is, the population N is constant along time: S(t) + E(t) + I(t) +
R() = N forany t > 0.

This paper considers the epidemiological model, local stability and the experimental methodology. In the occurrence of an
infectious disease such as Lassa fever, the idyllic goal is to either exterminate the virus through preventive measures or launch
a mass vaccination program. As an addition to the SEIR with birth and death rate, the Lassa virus vaccinations are administered
to newborns (i.e., babies) and non-newborns (i.e., children and adults). For mass immunization programs, newborns or
susceptible individuals receive the vaccines and advance to the recovered R group for the time frame for which the vaccine is
effective, they then move back to the susceptible S group to be revaccinated, or otherwise retain being in the recovered R group
if the vaccine administered is for life. By providing the proper Lassa fever vaccines to the public, the mass immunization
program serves to reduce the basic reproduction value RO to less than unity (RO < 1), which causes the infectious disease to die
out. For RO greater than unity (RO > 1), the infective disease does not die out, but causes the occurrence of an epidemic.
Primarily, the new SEIR model is a more advanced generalization of the previous models and it incorporates vital dynamics
with unequal birth and death rates, vaccinations for both newborns and non-newborns, and temporary immunity for describing
the spread of infectious diseases. This model was rescaled using the total time-varying population and analyzed to determine its
equilibrium points and corresponding local stabilities of the equilibrium points. In order to test the SEIR model, numerical
simulations are run involving a set of arbitrarily defined parameters for horizontal transmission of the infectious disease in the
new SEIRS model.
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2.1. SEIR model with demographic effects

We study a model with demographic effects that is vital dynamics by considering the birth and death rates, such model is new
in the Lassa context. We expand the SEIR model by including demographic effects: we assume a constant birth rate § and a
natural death rate 4, obtaining

dfi_(tt) = 5N — BS(OI(®) - AS(6)
4O _ 5616 — YE®) — AE(D) ®)
di(t)
— = VE@ —ul(t) = 21(0)
dR(t)
2t = H©—AR@®)

2.2 Epidemiological Model

In epidemiology, the new SEIR model (with birth and death rates), vaccinations (newborns and non-newborns), and temporary
immunity offers a mathematical description of how the Lassa fever virus spreads in any given population.

_OINN
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— — ! — )
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Figure 2: Diagram of the SEIRS Model with Vital dynamics and Vaccination

The table 2 above gives a diagrammatic flow of the SEIRS model, people in a given population from one group to another
consisting of Susceptible (S), Exposed (E), Infected (1), and Recovered (R) and then back to being susceptible after some time.
For the SEIRS model, the model allows for unequal birth and death rates, vaccinations of both newborns and non-newborns,
and temporary immunity from the Lassa fever virus. The nature of the population is that , the initial people in the population
before the inception of the Lassa fever are all in the susceptible group (all new born, non- new born and adults), because they
have not being vaccinated. Afterwards the vaccination is introduced into the population and the population of the vaccinated
people are no longer susceptible but move to the group recovered, while the no vaccinated population of the susceptible group
moves to the exposed group after being in contact with the Lassa virus , which last between 6-24 days for the virus to be fully
blown and they migrate to the infected group, if not quickly attended to due to the lethal nature of the Lassa virus they are
moved to the recovered/ removed group (i.e. death for removed) and cure from the fever (i.e. recovered) who then enjoys a

temporary immunity before moving back to the susceptible group if not vaccinated or retains being in the recovered group due
to vaccination.

The general description of the model parameters are: birth rate = b, death rate = d, vaccination rate of new born = v,
transmission rate of susceptible = p, the transmission rate of recovered to susceptible = @, transmission rate of susceptible to

infected = B, transmission rate of exposed to infected = e, transmission rate of infected to recover = vy, The mean susceptible
period = 11) , temporary mean immune period = i , mean susceptible period for pre exposed individuals = %, mean latency
1

period =§ , mean infectious period = o
Mathematically, the SEIRS model is expressed as a system of ordinary differential equations given by:

2 = b(1 - V)N - B —dS +aR —Ps 1

@ B GE-d 2
it N

E - O'E-"{I-dl 3
R = puN+yl—dR—Ar+pS 4

dat

© 2018, IJSRMSS All Rights Reserved 24



Int. J. Sci. Res. in Mathematical and Statistical Sciences Vol. 5(4), Aug 2018, ISSN: 2348-4519

The population is given as:
N() = S(t) + E(t) + I(t) + R(t) 5

N® = 5 = SO+E@D+IN+RO 6
the rate at which the susceptible gests infected by Lassa is B% by substituting equation 4 into 1 - 3, the population N now

becomes

= (b-d)N 7

dt

We compute the vale N by computing the variables

1 —
5 dN = (b - d)dt 8
— 1 —_ _
= AN = (b - d) [dt 9
= In(N) = (b-d)t 10
Taking the exponential of the population N in equation 10
N = e(b - d)t 11
with time-varying population N(t).Instead of solving the ordinary differential equation system in equations 1 - 3 with known
population N from (8), the transformations: S = % , e :% = ﬁ r= % as equations 12-15 respectively, are the number of

fractions of people in each group N.

ds

e b(1-v)N-si +ar—(b+p)s 12
z = Bsi— (b + o)e 13
L =oe- (b+yi-di 14
&R bv +vyi+ps—(b+ ) 15

dat

which are all equal to equations. By substitution and transformation equations 12 — 15, and equation 5 becomes

s+e+r+l1 = 1 16
i = 1l-s-e-r 17
or

s+e'+r'+i'= 0 18

Substituting 18 into12 - 15 and eliminating r, we derive the simplified subsystem:

ds

i a+b(l-v)—oe—oai- Bsi —(b+p+a)s 19
de _ .

e Bsi— (b +o)e 20
a .

2 = oe - (b+7y)i-dl 21
or

&2 A-ae+-oi- psi —Bs 22

dt
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£ = Bsi — Ce 23
% = ge - Di 24

With the following positive constrains
A = a+b(l-v), B = b+p+tao, C = b+o, D = b+y, usings,e,itosolve for rin equations 22 -
24

dar ,
e bv + yi+ ps —Fr

where F = b+a isa positive constant.

2.3. Local Stability
From the transformed subsystem in (18), the local stability is used to determine the disease-free equilibrium (DFE):

XDFE = (s,e,i) = (s* 0,0),the endemic equilibrium (EE) is given by: 25
XEE = (s,e i) = (s* e* i¥ 26
The equilibrium points are computed as follows % =0, % =0, % =0 foralls, e, iinequations 22- 24
[
G |gz | A—ae —ai—pfsi —B
H = |$| = Bsi — Ce 21
K di oe — Di
dt
JX) = J(s81) 28
[9¢ 96 26
| ds de 0i I _,Bi — B —« _aﬁ
— |9H 0oH 0H = i 29
T las de ai _[ pi ¢ Bs
ok oK 3K 0 o =D
ds de ai
The local stability is derived from the Eigen valuesA,
[JX) -4l =0 30
2.4. Disease Free Equilibrium.
Substituting equation 25 into % = 0 of the transformed subsystem of equations 21 - 25
The DFE of X DFE is computed as
% |XDFE =0 = (A' ae — ai — BS[ — BS) |XDFE 31
it does generate S = % or
XDFE = (sei) = (%00 = (50,0 32

We take the Jacobian matrix J(X) at the DFE of XDFE = (g, 0,0) 33
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- -« —aﬁ%
B
0 o -D

The egien values of A, | JXDFE - Al| =0

-f-1 -—a  —af%
as = 0 —C—- 2 ﬁ% =0 35
0 o -D— A

which can be expanded into (-B - &)

(-B-2) —c—4 [3§ ] + [0 B3
o -D—- 1 0 -D—- 4

5]

]+ (-a-ﬁg)[g ‘2’1] =0 36

Finding the determinants, the Eigen valuesA, is determined by cubic polynomial
P(1)=2°+(B+C+D)A’+(BC+BD +CD - 6 5) + (BCD - ofA) = 0 37
The Eigen values A are dependent on o,  and the constants A, B, C and D. By calculating the determinants, the Eigen values
by the cubic polynomial.
Routh Hurwitz criteria will be the applied to the cubic polynomial in equation 37 with the co efficient. a, = B+C+D, a,
= BC+BD+CD- of, a = BCD-opA
By the Routh — Hurwitz criteria for cubic polynomial P(2) .
Given that
;>0 37b (i)
a3>0 37b (ii)
a1d8, > a3 37b (iii)
all must satisfy XDFE in equation 25 to be locally stable. For the conditions
1* condition:al =B +C+C+D >0,

since all the constants B > 0, C > 0 and D > 0 in equation 20, 22.

2" condition:a3 = BCD-oBA>0, if % >1

3" condition: ala2 = (B+C+D)(BC + BD + CD — cﬁ%)

Or
— p2 2 2 2 2 2 A AC AD
a8, =B’C+B’D+3BCD +BC’+C’D+BD*~CD*- ofZ - of~— - of— 38
= B°C + B’D + 2BCD + BC® + C’D + BD° - CD’ - GB%C - Gﬁ% >0 39
Dividing thru by BC
2 2
=2 4B 4 oB+E 42 4Dy > 22 (c+D) 40
D c D Cc BCD
Where,
o 41
BCD
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With the Routh — Hurrtz all the Eigen values A and cubic polynomial p (4) in equation 31 has negative real parts.

2.5. Endemic Equilibrium
From equation 18 the EEXEE in 24 is computed by developing a relationship between | and e thru

L-0asL=0=o0ec—Di 42
dt dt

or

D

where %z 43b

Qo

where i= %e 43c

By eliminating %zO:Bsi—Ce 44
Wheres = C—I? 45
Bi

When 43 is substituted into 45, it gives EEXEE as the

1% co—ordinatesass = 22, withZ =0 450
pi dt

as %ZOZA-ae—ai—ﬁsi—Bs 46

SPBi+B)=A-ae— ai 47
Substituting 45b into 47
CD 5. _ .
ﬁ—g(B1+B) =A -ae— ai 48

Collecting like terms

|+ a):A-ae-%” 49

Simplifying equation 43a
(%e)Jr(ﬁiJrB):A—ae—ai 50
Collecting like terms
a\ (CD _ BCD
[G) (G + )+ o] =A-Z2 51
By distributing and combining fraction
BCD

e[c+%+a]:A-ﬁ—U 52

[CD+ aoc+ aD ] _ BoA-BCD
D Lo

the 2" co — ordinates of EE XEE is given as

€ (CD+ ocDa+ aD ) (BJAB_O'BCD) b4

i:( BoA —-BCD ) 54b

B(CD+ ac+ aD)

53

Substituting equation 54b into 43c it gives the 3" co — ordinates of the EEXEE; with the equations 45b, 54b, and 56 as the
3rd co — ordinates EEXEE is given by
XEE =(s,e,i)=(s* €% i% 55

15 ) ) (G v 56

Its sensible of BcA —BCD >0 57
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Since all the constants A, B, C and D are parameters of a, 3, and o in equations 69 are all positive. Manipulating equations 70
the epidemic conditions Ro is given by

Ro= — > 58

The epidemic condition Ry in 58 is the basic reproduction value
Theorem 1. Let S(t), E(t), I(t), R(t) be a solution of the SEIR model (2). Then the basic reproduction ratio is given by
BYSN
Ro = Gr Do+ A %
 If Ry > 1, then the equilibrium P* = (S§*,E*, I",R™) of the virus is obtained, in agreement with expressions
(11)- (14), and the virus is able to invade the population.

* IfRy < 1, then the disease free equilibrium P, = (°",0,0,0)
of the virus is obtained, which corresponds to the case when the virus dies out (no epidemic) and is the most important quantity
to consider for analyzing any epidemiological model. In particular, RO determines whether an epidemic occurs for infectious
diseases since Ry is the average number of secondary infections produced by one infected individual during the mean period of
infection in a fully susceptible population. If RO < 1, then, on average, the number of new infections produced by one infected
individual over the mean course of the infectious disease is less than unity, which implies the infectious disease dies out
eventually. Conversely, if RO > 1, then, on average, the number of new infections produced by one infected individual is
greater than unity, which leads to the persistence of the infectious disease as an epidemic. At the EEXEE in 55, the Jacobian
matrix J(X) is given by:

~ —pi*—B —a —aBsx*
J(XEE) = Bi * —C PBs* | =0 60
0 o -D
Expanding it , we have

. —c-1 B s —C—2 Bix —C—12
(-pix-B- 2| _DS_*/1|+a|ﬁ(l)* i +(-(x—[31*)B6* =0 a

Using the cubic polynomial to determine the eigen values of A
P(A) =2+ (B+C+D+pi) + (BC+Bi)HCD + BCi* + pDi* - ops)A + (BCD + BCDi* - 6pBs*) =0 62
or

PO) =A% (B + C + D + L72% 02 4 (BC + BD + (22D )op( L2400 o (cp (L2420 )) =0

CD+ aoc+ aD CD+ ao+ aD CD+ aoc+ aD CD+ aoc+ aD

63

where the three eigenvalues A are dependent on the parameters o and B, constants A, B, C, and D, and first and third
coordinates of EEXEE, namely s* and i* in 55. In a similar manner to the eigenvalues A for the cubic polynomial in 37, the
eigenvalues A for the cubic polynomial in 63 are even more difficult to compute without any specific values for the parameters
a and B and constants A, B, C, and D. The Routh-Hurwitz criteria with conditions 37 is again applied to now the cubic
polynomial in 62 to determine the parameter and constant independent local stability of the EEXEE in (69) with the
coefficients:

BaA—BCD
CD+ ac+ aD

al =B+C+D+ 64

_ acf+aBD + C2D + acC+ aCD +CD2+ aoD + aD2 +f0A
CD+ ao+ aD

a :BC+BD+C(M)+D(M) 66

CD+ ac+ aD CD+ aoc+ aD

65

_ aoBC+ aBCD + acBD2 + aBD2 +BcAC + BoAD 67
CD+ ac+ aD
_ BaA—BCD
a3 = CD (—
CD+ ao+ aD
0dACD—-BC2D2
= foAcD-Beabz 69

CD+ ac+ aD

68
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aof + aBD +C2D + acC +0CD +CD2+ aoD+ aD2 + foA

= >0 70
CD+ aoc+ aD
since the constants A > 0, B >0, C> 0, and D > 0 and parameters o >0, > 0, 6 > 0 in 37b and with the second condition 37b:
BOACD—-BC2D2
a3 = — 71
CD+ aoc+ aD
=pBoA —BCD a 72

3 condition ala2 ~

/(aoB + aBD + C?D + aoC + aCD + CD? + aoD + aD? + BoA)(asBC + oaBCD + aoBD + aBDZ\
+BoAC + BoAD + acD + aD? + BoA)

73

|\ (CD + ao + aD)? /l
Multiply 70 and 72 by (CD + ac + aD)? 74
Simplifying 37b
(aoB + aBD + C2?D + acC + aCD + CD? + aoD + aD? + BoA)(acBC + aBCD + aoBD + aBD? + BoAC

+ BoAD)
Or
@2B?D® + a?BD* + a?0%B2C + a?0?B2D + 2a%0B?D?> + 3aB C2D? + a20?BC? + a?0?AC? +
2a’BC D® + oBCD* + a?0?BD? + 2a%0B D® + B?0?AD +a?p?CD® +apC3D? + a’BC?D? +
a?0?ABC + 2a?0B?CD + 2a%0B?CD + a?p?D3 + aoBC3D + aoBC3D + 3aoBC?D? + acAa?B?D3+

acAC3D + 2a?0%2BCD + 4a’0BCD? + 2a?0B?CD?*+ 2a?0BC?*D + a?cAC? + aoBCD? +acA C?*D? +
BsACDS + a?02ACD  + aPc2AD? + a?0ACD? + a?cACD? + afoAD3 + ac?BA%C  + aPolABC +
2 ao?BABD + a?cABCD +2aBaABD? +afgABCD +BC3D? > 0 75

The Routh-Hurwitz criteria, all the eigenvalues A in the cubic polynomial P() in 62 have negative real parts to conclude that
the DFE XEE in is locally stable with (72).

1. NUMERICAL SIMULATION

We solve numerically the SEIR model with vital dynamics (2) by adopting the parameters presented in the work of Rachah and
Torres (2015 and 2016) and Ajala et.al (2017). The early detection of Lassa virus in West Africa is characterized by Ry = 1.95.
The parameters g = 0.2, A = 0.1887 and p = 0.1, The initial susceptible, exposed, infectious and recovered populations, are
given respectively by S(0) = 0.88, E(0) = 0.07, 1(0) = 0.05, R(0) = 0. In the numerical resolution of the model, we take the birth
rate & = 0.412 and the death rate A = 0.119, data of population of Nigeria for 2013 are obtained from WHO (2016).

Table 1: Table of parameters and their values

Beta The parameter controlling how often a susceptible-infected contact 450/25 ESTIMATED
results in a new exposure.
Gamma The rate an infected recovers and moves into the resistant phase. 1/15 ESTIMATED
Sigma The rate at which an exposed person becomes infective. 1/6 ESTIMATED
Mu The natural mortality rate (this is unrelated to disease). This modelsa 11.9 ESTIMATED
population of a constant size,
Susceptible The number of susceptible individuals at the beginning of the model 0.8 WHO
run.
Exposed The number of exposed individuals at the beginning of the model run. 0.07 WHO
Infected The number of infected individuals at the beginning of the model run. 0.05 WHO
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Table 2: Table of constants and their values

A 0.7140
B 0.57150
C 0.33340
D 0.14290
F 0.07150
RO 0.21865(noepidemic), 3.49840 (epidemic)
Table 3: Table of stability
POINTS ) E | i A2 A3 STABILITY
DFE 0.12501 0 0 0.57148 | 0.65737 | -0.18107 Unstable
EEE 0.03573 | 0.08928 | 0.208025 | - 1.3929 | -0.34731 | 0.14062 stable
Table 4: Table of Simulation
0.8-
0.6 -
W 0.4-
0.2-
0.0 - ' ] ] [] '
0 5 10 15 20 25
time
0.6 -
L 0.4-
0.2-
0 5 10 15 20 25
time
0.20 -
0.15-
0.10-
0.05 - - : ’ . '
0 5 10 15 20 25
time
0.6-
or 0.4-
0.2-
0 5 10 15 20 25
time

© 2018, IJISRMSS All Rights Reserved

Figure: 3 Simulated result

31



Int. J. Sci. Res. in Mathematical and Statistical Sciences Vol. 5(4), Aug 2018, ISSN: 2348-4519

V. CONCLUSION

We investigated SEIR models in the context of the recent Lassa fever outbreak in Nigeria. Our aim was to study the properties
and usefulness of SEIR models with respect to Lassa fever. We began by presenting the basic SEIR model and its
mathematical analysis. Then, we added to the model demographic effects in order to analyze the equilibria with vital dynamics.
The system of equations of the model was solved numerically. The numerical simulations confirm the theoretical analysis of
the equilibria of the model.
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