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Abstract— In this paper, we discuss some results on fixed point theorems in ¢ — 1 weak contraction on fuzzy metric spaces,
which are study of generalisation of some existing results are also given in the form of corollary.
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l. INTRODUCTION

In 1965, Zadeh[17] initiated the concept of fuzzy sets theory. In 1975, Kramosil and Michalek [12] introduced
concept of fuzzy metric space. In 1988, Grabiec [6] propounded of the Banach contraction theorem in fuzzy metric spaces.
Here after George and Veeramani [5] modified the definition of fuzzy metric spaces from [12]. Many researchers using [5, 6,
13, 14] and developing fuzzy metric spaces see,[1, 9, 10]. In 1984, M.S.Khan, M.Swaleh and S.Sessa[8] discussed Banach
fixed point theorem in metric spaces via altering distance function. In 2012, Y.Shen, Dong Qiu and Wei Chen [16] proved
fuzzy metric space using altering distance function as follows

oM (Tx, Ty, t)) = k(t).o(M(x,y,t)),Vx,y € X,t > 0,(1.1)
obtained fixed point result for self-mapping of T. Recently, many authors using altering distance function and give their
contribution in various metric spaces [3, 4].

In this paper, we proved some fixed point theorems in ¢ — 1 weak contraction on fuzzy metric spaces, which are our

study of generalisation of some existing results.

Definition 1.1 A fuzzy set A is defined by A = (x, 1 (%)): X € A, pa(x) € [0,1] .In the pair (x, pa(x) ), the first element x
belongs to the classical set A , the second element p, (x) belongs to the interval [0,1] , is called the membership function.

Definition 1.2 A binary operation *: [0,1] X [0,1] — [0,1] is a continuous t-norm if it satisfies the following conditions:
1. = is associative and commutative,
2. x is continuous,
3. ax1l=aforallae[0,1],
4.axb < c*dwhenevera < candb < d forall
a,b,c,d € [0,1]

Example 1.3

1. Lukasievicz t -norm: a * b = max(a + b — 1,0)

2. Productt -norm:a*b = a.b

3. Minimum t -norm: a * b = min(a, b)

Definition 1.4 A fuzzy metric space is an ordered triple (X, M,*) such that X is a nonempty set, * is a continuous t -norm and M
is a fuzzy set on X x X x (0,0) — [0,1] satisfies the following conditions: ¥x,y,z € Xand s,t > 0

1. M(x,y,0)=0,t>0,

2. M(x,y,t) =1ifandonlyifx =y,t >0

3. M(x,y,t) = M(y,x,t)
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4. M(x,z,t +s) = M(x,y,t) * M(y,z,5s)
5. M(x,y,.):[0,0) — [0,1] is left-continuous.
Then M is called a fuzzy metric on X .

Definition 1.5 A fuzzy metric space is an ordered triple such that X is a non-empty set, * is a continuous t -norm and M is a
fuzzy set on X x X x (0,%) — [0,1] satisfies the following
conditions: Vx,y,z € X and s,t > 0
1. M(x,y,t) >0,t>0
2. M(x,y,t) =1ifandonlyifx =y,t >0
3. M(x,y,t) = M(y,x,t)
4. M(x,z,t +5s) * M(y,z,5) < M(x,z,t +5)
5. M(x,y,.): (0,:0) = [0,1] is continuous.
Then M is called a fuzzy metric on X .

Definition 1.6 Let (X, M,*) be a fuzzy metric space, for t > 0 the open ball B(x, r, t) with a centre x € Xand aradius0 <r <1
is defined by
Bx,r,t) =yeX:M(x,y,t) >1—r.

A subset A c X is called open if for each x € A, there exist t > 0 and 0 < r < 1 such that B(x,r,t) c A. Let t
denote the family of all open subsets of X . Then t is topology on X , called the topology induced by the fuzzy metric M .

Definition 1.7 Let (X, M,*) be a fuzzy metric space
1. Asequence x, in X is said to be convergent to a point x in (X, M,*) if ltimM(x, y,t)=1forallt > 0.

2. sequence x, in X is called a Cauchy sequence in (X, M,*) , if foreach 0 < e < 1andt > 0, there exists n, € N such that
M (%, X, t) > 1 — e foreachn,m > n,

3. A fuzzy metric space in which every Cauchy sequence is convergent is said to be complete.

4. A fuzzy metric space in which every sequence has a convergent subsequence is said to be compact

Lemma 1.8 Let (X, M,*) be a fuzzy metric space. For all u,v € X, M(u, v, .) is non-decreasing function.
Proof. If M(u,v,t) > M(u,v,s) forsome 0 <t <s.

Then M(u,v,t) * M(v,v,s —t) < M(u,v,s) < M(u,v,t),

Thus M(u,v,t) < M(u,v,t) < M(u,v,t),

(since M(v,v,s —t) =1)

which is a contradiction

Definition 1.9 A function ¢: [0,1] — [0,1] is called control function or an altering distance function if it satisfies the
following properties:

(CF1). ¢ is strictly decreasing and continuous;

(CF2). p(A)=0,vA=1ifp(d) =0ifandonlyif A = 1. Itis obvious that )}Lr{l_(p(l) =p(1)=0.

where ¢ in class of function ®.

Il.  MAINRESULTS

Theorem 2.1 Let (X, M,*) be a complete strong fuzzy metric space with continuous t-norm = and let T is a self-mapping in X
such that
eM(Tu,Tv,t)) <eM(u,Tu,t)) + M(v,Tv,t) + M(Tu,v,t)

+M(u,Tv,t) + M(u,v,t) + max(M(u, Tu, t), M(v, Tv, t))

-YyM@, Tu, t) + M(v,Tv,t) + M(Tu,v,t) +

M, Tv,t) + M(u,v,t) + max(M (u, Tu, t), M(v,Tv, t)),
where ¢ and y are altering distance function and ultra altering distance function respectively, (t +s) < @(t) + @(s) for all
t,s € S Then T has a unique fixed point in X.

2.1)

Proof. Let u be any arbitrary point in X and define a sequence u,, € X such that u,,,, = Tu,,.
Assume that u,,; = Tu,, = u, for some n € N, then u,, is a fixed point of T.
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Suppose U, 41 # Uy, PUt u = u,_, and v = u, in equation (2.1) we get
(p(M (Tun—lﬂ Tun' t)) < ¢(M(un—1: Tun—lﬂ t) + M(un' Tun' t) + M(Tun—ll Un, t) (M(un—lt Tun' t)
+M(uUp_q, Uy, t) + max(M (u,_q, TUp_q, t), M (uy, Tuy, t))
_lp(M(un—lv Tuy—4, t) + M(un! Tuy, t)
+M(Tup_q, Up, OMUp_q, Tuy, t) + M(Up_q, Uy, t)
+max(M (up,_q1, Tup_q, t), M(uy,, Tuy,, t)) (2.2)

< (p(M (un—l: Unp, t)) + (M(uw Un+1s t)) + (M(un' Up, t)) + (M(un—lﬂ Un+1s t)) + (M(un—lt Unp, t))
+maX(M(un—1' Up, t): M(uw Un+1 t)) - lrb(M(un—lﬂ Up, t)) + (M(un' Un+1 t)) + (M (un' Up, t))
+(M(un—1' Un+1, t)) + (M(un—lv Un, t)) + maX(M(un—D Un, t)! M(un: Un+1 t))

< (p(M(un—lv Un, t)) + (M(unv Un+1, t)) + (M(un: Un, t)) + (M(un—li Un+1s t)) + (M(un—ll Un, t))
+maX(M(un—1' Up, t): M(uw Un+1 t)) - lrb(M(un—lﬂ Up, t)) + (M(un' Un+1 t)) + (M (un' Up, t))
+(M (un—li Un+1s t)) + (M(un—l: Unp, t)) + maX(M(un—lﬂ Up, t), M(un' Un+1 t))

< (p(M (un—l' Unp, t)) + (M (un' Un+1s t)) + (M (un—lt Un+1s t)) + (M(un—lt Unp, t))
+maX(M(un—1: Un, t), M(un: Un+1 t)) - wM(un—li Un, t) + (M(unt Un+1, t))
+(M(un—1' Un+1, t)) + (M(un—lr Un, t)) + maX(M(un—li Un, t), M(un: Un+1 t))

<p(M(un' Un+1s t)) < (p(M(un—lﬂ Un, t)) + (p(M(un: Un+1s t)) + (P(M(un_1, Un+1, t)) + QD(M(un—l' Un, t))
+emax(M (un—1, Un, t), M (Un, Un41, 1)) (2.3)

Here (X, M,*) is a strong fuzzy metric space then we have
M(up—1,Unt1, ) = M(Up-1, Upn, ) * M (Up, Upyq, t) (by using (GV4))

(p(M(un—lr Un+1, t)) = 90((M(un—1t Un, t)) * (M(un' Un+1, t)))

OM (Up—1,Uns1, 1)) 2 (M (Un-1, Up, 1) + (M (Up, Uns1, 1)) 24)
Using above inequalities in (2.3) we get
(p(M (un' Un+1s t)) < (p((M(un—l' Un, t)) + (M(un, Un+1, t))
+[(M(un—1: Unp, t)) + (M(un: Unt1, t))]
+(M(un—1' Un, t)) + maX(M(un—lt Un, t), M(un, Un+1 t)))
_w((M(un—lt Un, t)) + (M(un' Un+1, t))
+[(M(un—1: Unp, t)) + (M(un: Unt1, t))]
+(M(un—1t Un, t)) + maX(M(un—l' Un, t)' M(un' Un+1, t)))

(p(M(un' Un+1) t)) < (p(M(un—li Up, t)) + (p(M(un: Un+1, t))
+(p(M(un—1t Up, t)) + (p(M(un' Unt1s t)) (2 5)
+(p(M(un—1' Un, t)) + (pmaX(M(un—ll Un, t), M(un, Up+1s t)) .

If maX(M (un_]_, Un, t)' M('Lln, Un+1, t)) = M(un—ll Up, t)(26)
Then the above inequality (2.4) becomes
(p(M(un: Un+1, t)) = (p(M(un—l' Un, t)) + (p(M(un' Un+1, t))
+(p(M(un—1: Un, t)) + ¢(M(un' Unt1, t))
+<p(M(un—1' Unp, t)) + (p(M(un—li Unp, t))

Continuing this process, we get,

(p(M(un' Un+1s t)) < (p(M(un—ll Up, t)) < (p(M(un—li Up, t)) (27)
Similarly,
If max(M(up_q1, Up, ), M(Up, Ups1, 1)) = M(Up, Upyq, t) (2.8)
Then the inequality (2.5) becomes
(p(M(un: Un41, t)) =< (p(M(un—lﬂ Un, t)) < (p(M(un—li Un, t)) (2-9)

Hence (p(M(un' Un+1) t)) < (p(M(un—l' Un, t))
This gives (M (uy, Upy1,t)) > (M (Up_q, Uy, 1))
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Since the sequence M (u,, U,+1,t) iS non decreasing

Taking limit n — o, we get
limM (u,, U1, t) = q(r), forq: (0,0) - [0,1] (2.10)
n—-oo

Suppose that g(r) # 1 forsome r > 0asn — oo,
Now (2.7) becomes,
p(g(r) < 9@(m) < @(q() (2.11)
which is a contradiction.
Hence limM (u,, uy4q,t) = 1,t >0

n—-ow

Next we prove that the sequence u,, is a Cauchy’s sequence.
Assume that u, is not a Cauchy’s sequence then for any 0 < & < 1,t > 0 then there exists sequence u,, and u,, where

ng, my, = n and n,, my, € N(n, > my)

suchthat M (up,, Uy, t) <1-—¢ (2.12)
Let n,, be least integer exceeding m, satisfying the above property
M(Up, -1, Um,, £) > 1—¢, m,m €N and t>0 (2.13)

Putu =u,, _;and v =up, 4

¢(M(Tunk—1' Tumk—lr t)) < (p((M (unk—lr Tunk—l' t)) + (M(umk—li Tumk—lt t))
+(M(Tuny-1, Ump—1, )M (U1, Ty -1, 1))
+(M (Uny-1, Umy—1, ) +
maX(M (unk—lr Tunk—l' t)' M(umk—li Tumk—lt t)))
—ll}((M (unk—l' Tunk—l' t)) + (M(umk—li Tumk—lt t))
+(M (T -1, Umy—1, £)) (M (U -1, TUm—1, 1))
+(M (Upy-1) Uy -1, 1)) +
maX(M (unk—lr Tunk—l' t)' M(umk—li Tumk—lt t)))

OM (Uny Uy, 1)) < @((M (Uny—1, Uny, £)) + (M (Unmye—1, Uy 1))
+(M (U, Uy -1, ) (M (U -1, Uys 1)
+(M (U -1, Umy—1, 1))
+max(M (Up, 1, Unyr ), M (U1, Uyyr 1))
_lp((M(unk—l: Unys t)) + (M(umk—lr Uy t))
+(M (U Uy —1, ) (M (U -1, Uys 1)
+(M (Uny-1, Umy—1, 1))
+max(M (Up, 1, Unyr ), M (U1, Unyr 1))

(2.14)

If maX(M(unk—l' unk' t)' M(u‘mk—ll umk' t)) = M(unk—ll unk' t)
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qD(M(unk: umk' t)) < ¢((M(unk—1: unk' t)) + (M(umk—l' umk' t))
+(M(unk: umk—lﬂ t))(M(unk—lﬂ umkl t)) +
+(M (Unj—1, Uimy—1, 1)) + (M (Upy—1, Uny, 1))
(M (unye—1, Unyy D) + (M (Ui -1, Uy, 1))
(M(unk: umk—lﬂ t))(M(unk—ll umkl t))
+(M(unk—1: umk—ll t)) + (M(unk—ll unk' t)))
< (M (Upy—1, Unyy 1) + (M (Uinye—1, Usmy 1))
+(M (U Umye—1, £)) (M (U1, Uy, 1)) (2.15)
+(M(unk—1: umk—ll t)) + (M(unk—ll unk' t)))
—1/)((M(unk—1, Unyr t)) + (M(umk—l' Uy, t))
+(M(unk: umk—lﬂ t))(M(unk—lﬂ umkl t))
+(M (Unj—1, Uimy-1, 1)) + (M (Upy—1, Uny,, 1))
< @M (Uny—1) Uny ) + QM (U1, Uy, 1))
+(p(M(unk' umk—lt t))(p(M(unk—li umk' t))

+(p(M(unk—1' umk—l' t)) + ‘p(M(unk—l' unk' t))
then we get,
(p(M(unk' umk—l' t)) < (p(M(unk' umk' t)) + Q(M(umk' umk—l' t)) (216)

and(p (M (unk—l' umk—lr t)) < q)(M(unk—l' unk' t)) + (p(M(ule' umk—l' t))
Applying the previous inequalities we get
¢(M(unk—1' umk—l' t)) < (p(M(unk—l' unk' t)) + Q(M(unk' umk' t)) +

O (i U1, 0)) 17
Also (2.13) and (CF1) we get
@M (Uny—1) Uy, 1)) < (1 = €). (2.18)
Substituting (2.16), (2.17), and (2.18) in (2.15) we have
OM (Uny Uiy 1)) < QM (U1, Uy, 8) + (M (Ui -1, Uy 1))
+(M (Upy) Uy, £)) + (M (U Uy —1, 1)) (1 — €)
(M (Upy—1, Uy, ) + (M (g, Uy 1))
+M (U s Uny—1, 1)) + (M (U -1, Un,, 1))
—YM (U -1, Uny,s t) + (M (U -1, Uy, 1))
+(M (Upy) Uy, £)) + (M (Ui Uy —1, 1)) (1 — €)
M (Upy—1, Uy ) + (M (U, Uy 1))
+M (U s Uny—1, 1)) + (M (U -1, Un,, 1))
PM (Un) Um,, 1)) < @M (Uny—1, Uy, t)
M (s U1, )0 (L~ ) (219
Using (2.12) we obtain,
P(M (up,, Um,, 1)) > @(1 =€) (2.20)
(p(l - 5) =< (p(M(unk—l'unk' t)
(M (s U1 )9 (L~ ) (221
Taking k — o in above inequality we obtain
p(1-¢)<p(l-¢) (2.22)
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Thatis ¢(1—¢) <0,

Which is a contradiction, € > 0
Hence u,, is a Cauchy’s sequence.
Since X is complete and there exist z € X such that lim,,_,, u,, = z
Thatis M(u,,zt) =1lasn - ©
Putu = u,_, and v = z in equation (2.1) we get
PM(un, Tz, t)) < @M(Up-1,Un, t) + (M(2,Tz,1))
+(M(uy, 2, 1)) + (M (up—1,Tz,1))

+(M(Up_1,2,t)) + max(M (uy_q, Uy, t), M(2,Tz,t))) (223)
Taking n - o in (2.23)
oM (z,Tz,t)) <0,t >0 (2.24)
Therefore, M(z,Tz,t) = 1,and z = Tz.
To prove Uniqueness,
Suppose that w is another fixed point of T , that is Tw = w where q # z
oM(z,w,t))<0,t>0 (2.25)

Hence z = w is the unique fixed point of T.

Corollary 2.2 Let (X, M,*) be a complete strong fuzzy metric space with continuous t-norm * and let T is a self-mapping in X .
If there exists a control function ¢ and = (t), such that
oM (Tu,Tv,t)) <eMu,Tu,t))+ M, Tv,t)) + (M(Tu,v,t)) + M(u,Tv,t)) + (M(u,v,t))
-YyMQu,Tu, t)) + M(v,Tv,t)) + (M(Tu,v,t)) + (M(u, Tv,t)) + (M(u,v,t))
Then T has a unique fixed point in X.

(2.26)

Proof. The proof of the above theorem (2.1) considering the fuzzy contraction on the fuzzy metric space (X, M,*),
oM(Tu,Tv,t)) < eM(u,Tut)+ (M, Tv,t))
+(M(Tu,v,t)) + (M(u,Tv,t)) + (M(u,v,t)))
—YyM@,Tu, t) + (M(v, Ty, t))
+(M(Tu,v,t)) + M, Ty, t)) + (M(u,v,t))).
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