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Abstract—We consider the two tribonacci substitutions, a — ab, b — ac, ¢ — a and a — ab, b — ca, ¢ — a. In this paper we
give some properties for the Tribonacci fractals, and its associated intersection fractal. We show in more details intersections of

subtiles.
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. INTRODUCTION

Rauzy considered as a generalisation of the Fibonacci
substitution the substitution ¢ : a — ab, b — ac, a — a over
the alphabet {a,b,c}. Starting with a and repeatedly applying
o wWe get successively u, = abacabaabacababac... . The limit
word is called the Tribonacci word. Note that if we define
To=0, T1=T,=1, T, = T,.1+Tpo*+ T3 for n>2, then the number
of symbols pf u, equals Tz, |Unla = Thet,
|un|b = Tn: |un|c = Tn—l-

Tn+1 _
Tntz _ ©°

ferquency of b equals lim,, » o _In__ 7%, the ferquency of

Tn+2
¢ equals lim, — o0 = 7%, where t+t*+1°= 1. Since the
frequencies are irrational, the Tribonacci sequence is non-

periodic.

The ferquency of a equals lim,, — o the

Tn—1_

The Tribonacci word is not balanced with respect to each
letter. The wod us contains subwords of length 3 without 1
and a subwords of length 3 with two 1's.

The Tribonacci word is episturmian on three letters which
implies that P(n) = 2n+1 for every n. Because a word on
three letters is periodic if the frequencies of its letters are
independent over Q.

The Tribonacci word can be described as a cutting sequence.
In fact, in the x,y,z space broken Tribonacci halfine that we
get by starting in (0,0,0) and going 1 in the direction of the
y-axis if t, = a, in the direction of the y-axis if t,=b,
in the direction of the z-axis if t, = c provides an excellent
discrete approximation.

Let 61 and o, be the two Tribonacci substitutions :

a —ab
b—ca

a —ab
o1 . b — ac and oy
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c—a

The incidence matrix of 67 and o5 IS

Mo = . By induction we find that

S =

1
0
1

S O

The dominant eigenvalue satisfies the relation
X3-X2-X'=0, hence that

M," =
Tn+1 Tn Tn—1
Tn+Tn—1 Tn—14+ Tn—2 Tn—-—24+ Tn—-3
Tn Tn—1 Tn—2

name Tribonacci for the substitution.

It follows that for n > 2 the word u, = 6™ (u,) originates
from the word u, = abac where u, the first letters come from
the first a in u,, the next T,.; + T, letters come from b, the
next T, letters have their origin in the second a and the last
T..1 letters are generated by c. The total number is T,., is
indeed.

Although the fixed point of each substitutions have
dynamical and geometrical properties.

The Rauzy fractal of the first substitution is a topological
disc [1], simply connected, while it is a well known fact that
the second fractal is not simply connected, compare
Figure[1].
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Figure [1] : the Rauzy fractal of o

Figure [2] : the Rauzy fractal of o,

In this paper we will studies the common points of the two
stepped lines associated to o; and o, and we will proof that
these common points can be generated by a morphisim on
the so called balanced pair.

I1. SUBSTITUTIONS AND RAUZY FRACTALS

A. General setting

Let A :={ay,...,.aq4} be a finite set of cardinal d called
alphabet. The free monoid A" on the alphabet A with

empty word ¢ is defined as the set of finite words on the
alphabet A, this is A*= Uyw A* endowed with the
concatenation map. We denote by AN and AZ the set of one
and two-sided sequences on A, respectively. The topology of
AN and AZ is the product topology of discrete topology on
each copy of A. Both spaces are metrizable.

The length of a word w € A" with n € N is defined

as lwl = n. For any letter acA, we define the number

of occurrences of a in w = w; W, ...W,.1 W, by
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lwly=#{i|w; =a}.

Let 1:A"— Z%: W (Iwly).n € N% be the natural
homomorphism obtained by abelianization of the free
monoid, called the abelianization map. A substitution over
the alphabet A is an endomorphism of the free monoid A
such that the image of each letter of A is a nonempty word.

A substitution ¢ is primitive if there exists an integer

k such that, for each pair (a, b) e A% | \sigma“()l, > 0. We
will always suppose that the substitution is primitive, this
implies that for all letter j € A the length of the successive
iterations ¢*(j) tends to infinity.

A substitution naturally extends to the set of two sided
sequences AZ, We associate to every substitution o its
incidence matrix M which is the n X n matrix obtained by
abelianization, i.e. Mgj; =10() li. It holds that
1(o(w))=MI(w) for all we A" .

Remark. The incidence matrix of a primitive substitution
is a primitive matrix, so with the Perron-Frobenius theorem,
it has a simple real positive dominant eigenvalue p.

B. Rauzy fractals

Definition 2.1. A Pisot number is an algebric integer f > 1
such that each Galoisconjugate B® of P satisfies | 1< 1.

From now, we will suppose that all the substitutions that
we consider are irreducible of Pisot type and unimodular.
This mean that the characteristic polynomial of its incidence
matrix is irreducible, its determinant is equal to £1 and its
dominant eigenvalues is a Pisot number. We can prove that
any irreducible Pisot substitution is primitive (see [11, 5, 6,

7]).

Remark. Note that there exist substitution whose largest
eigenvalue is Pisot but whose incidence matrix has
eigenvalues that are not conjugate to the dominant
eigenvalue. Example is 1 — 12,2 — 3,

3 —4,4—5,5— 1. The characteristic
polynomial is reducible. Such substitutions are called Pisot
reducible.

Definition 2.2. Let ¢ a substitution and u € A¥, u is a fixed
point of o if o(u) = u. The infinite word u is a periodic point
of o ifthere exist k € N such that *(u) = u.

Let o be a primitive substitution, then there exist a finite
number of periodic points (see [10]). We associate to the
fixed point u of the substitution a symbolic dynamical
system $(€2,, S) where S is the shift map on A¥ given by S(a,
a;...) = a; a... and Q, is the closure of {S"(u) : m > 0}in
A¥,

Remark. If ¢ is a primitive substitution then the symbolic
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dynamical system (Qu, S) does not depend on u; we denotetile X,

by (Q,S).

We say that a dynamical system (X, f) is semiconjugate to
another dynamical system (Y, g) if there exists a continuous
surjective

map : X — Y suchthat 8 e f=g o 6 An important question
is whether and how the symbolic dynamical system (€, S)
admit ageometric model. By geometrically realizable we
mean there exists a dynamical

system (X, f) defined on a geometrical structure, such that
(Qy, S) is semiconjugate to (X, f).

In [13], G.Rauzy proves that the dynamical system generated
by the substitution ¢(1)=12, o(2)=13, o(3)=1, is measure-
theoretically conjugate to an exchange of domains in a
compact set R of the complex plane. This compact subset has
a self-similar structure using method introduced by
F.M.Dekking in [9], S.Ito and Pierre Arnoux obtain in [1] an
alternative construction of R and prove that each of
exchanged domains has fractal boundary. We will use the
projection method to obtain the Rauzy fractal.

Definiton 2.3. A stepped line L=(x,) inR" is a sequence (it
could be finite or infinite) of points in R
such that x,+1 - X, belong to a finite set.

A canonical stepped line is a stepped line such that x,= 0 and
forall n > 0, X,+1 - X, belong to the canonical basis of RY.

Using the abelianization map, to any finite or infinite word
W, we can associate a canonical stepped line in R? as a
sequence (I(Pn)), where P, are the prefix of length n of W.

An interesting property of the canonical stepped line
associated to a fixed point of primitive Pisot substitution is
that it remains within bounded distance from the expanding
direction (given by the right eigenvector of Perron-Frobenius
of M,). We denote by E the stable space (or contracting
space) and E, the unstable space (or expanding direction).
We denote by n; the linear projection in the contracting
plane, parallel to the expanding direction and =, the
projection in the expanding direction parallel to the
contracting plane. We will project the stepped line on the
contracting space in the direction of the right Perron-
Frobenius eigenvector. We obtain a bounded set in (d-1)-
dimensional vector space.

Definition 2.4. Let ¢ an irreducible Pisot substitution. The
Rauzy fractal associated to ¢ is the closure of the projection
of the canonical stepped line associated to any fixed point of
o in the contracting plane parallel to the expanding direction.

We denote by X, the Rauzy fractal (Central tile) associated
too: Xs:={(ms1(u0... uk—1),ke N}. with up Uy, isa
prefix of the fixed point of length k. Subtiles of the central
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are naturally defined, depending on the letter
associated to the vertex of the stepped line that is projected.
On thus sets for

i€ Ar Xo(i) := {mts(1(u0...uk — 1),ke N,uk = 1}.

I11. COMMON POINTS OF THE TRIBONACCI SUBSTITUTIONS

Common points of stepped lines

In this part we will done some generalization of wok of
Victor Sirvent in [19], where he done common dynamics of
these two systems using the product automaton. With the
product automaton, Victor Sirvent show realization in the
plane and can define intersection in geometrical way, but he
obtain a subset from the intersection of the Rauzy fractals
associated to o1 and o,. This subset has a zero measure. in
this part we will characterize all the intersection and we
prove that it can be generated with a morphisim on the
alphabet of balanced pair.

The idea is to consider the two stepped line associated to
fixed points of o; and o,, and we try to characterize the
intersection of this two stepped lines.

Theorem 3.1. Let o; and o, be the two Tribonacci
substitutions. We consider L; and L, the canonical broken
lines associated to fixed points of o; and o, respectively. Let
P, and P, be two points from L; and L, respectively. Then
ns(Py) = ms(P,) implies P;=P..

Proof. We project P, and P, in the contracting space parallel
to the direction of the Perron Frobenius eigenvectors, since
The Tribonacci number is irrational, we can note obtain two
points that they have the same projection.

From now we will consider the common points the two
stepped lines of L; and L,, and we will try to prove that
these common points can be seen as a fixed point of a new
morphism.

Definition 3.1. Let U and V be two finite words, we say that
)

V | is balanced pair if 1(U) = I(V), where $I$ is the
abelianization map from A” in Z°.

Definition 3.2. A minimal balanced pair is a balanced pair,
such for every strict prefix
Uy, Vi of U and V respectively of length k, 1(Uy) = 1(Vy).

Theorem 3.2. Let u and v be two fixed points of the

Tribonacci substitutions. We can decompose u and v with a
finite number of minimal balanced pair.
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Figure 3: Sets of common points of the  Tribonacci
substitution and the flipped substitution. Each color stands
for a different letter of B and shows the dynamics of the
morphism ¢ .

Proof. We have u and v are two fixed points of ¢, and o,
then u= abacabab ... and v = abcaaababa... The first minimal

balanced block is A = [ Z ] We consider the image of A by

o1 and o,. we obtain [ a] (LGE [ab]_
a ba

Now another minimal balanced pair appear, we denote

B= [Z ] and we obtain the image of A is AB.

We continues with this algorithm and we consider the image
of each new minimal balanced pair.

Finally we obtain a finite number of balanced pairs, and we
can define a morphism on these set of balanced pairs.

-

A — AB
B—-C
C— AD
D — AE
E—-F
b= < F — ADDGA
G —> AH
H—ID
1— ADIJ
J — AHK
K — IDGA

N

and the projection map ¢ :
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=n
a

B— b]
_

C acJ

g
ba
D= abJ
.

~
cab

bca
N\
~
aabac
caaab

( b
ca
G— abc}

-

p
H— abac
bcaa
\

[ abaca
caaab

[N cabaab
ababca

SN

ababac

\ K= [bcaaab)

We obtain finally

Gln(a)\

F (9" (A).

Gzn(a))
The morphism ¢ generate all the common points of the two
stepped lines
associated to u and v.

Now we consider the stepped line associated of common
points of u and v, and we take the closure of the projection in
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the contracting plane parallel to the expanding direction and
we obtain a Rauzy fractal associated to the intersection. See

d .
.
*

Figure 4: Sets of common points of intersection tiles A.

Figure 5: Sets of common points tile B.

Remarks

Corollaire 3.1. The letter ¢ doesn't occur in the same
position in u and v.

Proof. Minimal balanced blocks represents a decomposition
of the two fixed points u and v . We remark that in these
finite minimal blocks there is no ¢ which appears
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in the same position. One can then deduce that the letter ¢
does not appear in the same position in two fixed points of u
and v.

Corollaire 3.2. Let P, the characteristic polynomial of the
incidence matrix of 1, and P, the characteristic polynomial
of the incidence matrix of ¢.

Then P4, =P, . Q where Q is a polynomial of degree 9.
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